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ABSTRACT. The study of the gauged linear sigma model in physics has led to
a prediction that the fundamental groupoid of a space of physically meaning-
ful parameters (the FI parameters) acts on the derived categories of certain
Calabi—Yau varieties. These varieties occur as GIT quotients of a linear space
by a torus action. The auto-equivalences of the derived category corresponding
to some “large radius” loops in the parameter space are well understood and
are so-called “window shifts”. These arise naturally from the representation
theory and we can try to use them to construct the conjectural representation.
This has been carried out successfully for certain toric examples by Donovan
and Segal in [18] and for all so-called “quasi-symmetric” examples by Halpern-
Leistner and Sam in [24]. In both cases, the authors rely on the existence of
special configurations of line bundles called “magic windows” (introduced in
[18]) to prove relations between the various window shifts.

In this thesis, we move beyond these examples and construct a representa-
tion of the fundamental groupoid on two basepoints of an open subset of the
FI parameter space whenever this space is 2-dimensional. This relies on a gen-
eralisation of windows called “fractional windows” which were introduced by
Halpern-Leistner and Shipman in [25]. Moreover, we describe several examples
where we can extend this representation over the whole parameter space.

When the dimension of this space becomes larger, constructing the repre-
sentation becomes more complicated. Nonetheless, we construct such a rep-
resentation in a new example whose parameter space is 3-dimensional using
the Lefschetz hyperplane theorem. We also discuss an approach to the same
problem using finite covers of the parameter space (based on [18]). Finally, we
recall a conjecture of Aspinwall, Plesser and Wang [4] about how to construct
a representation more generally. This leads us to conjecture a relationship be-
tween some intersection multiplicities and semi-orthogonal decompositions of

derived categories and we prove that this relationship is at least well-defined.

1. INTRODUCTION

Start with a representation T;, C C" of a connected torus 717, over C. The
weights of this representation 8i,..., [, lie in LY, where L is the lattice of cochar-
acters of T7,. A torus representation can be viewed geometrically through the as-
sociated toric variation of GIT (VGIT). From this perspective, a choice of 8 € LY
determines an equivariant polarisation @(8) on C™ and we can form the associated
GIT quotient Xg. For us, Xg is always a smooth toric stack (see Definition 3.20)
and not a singular toric variety.

The real span of the space of parameters for the VGIT is therefore Ly and there
is a natural fan in Ly, called the secondary fan (see Definition 3.13). The cones in
this fan naturally index the possible GIT quotients for our 7T -action in the sense
that any two 3 € LY lying in the interior of a given cone correspond to the same
GIT quotient Xg. In particular, if 3 lies in a chamber C — that is, the interior of a

maximal cone of this fan — we denote this GIT quotient by X and this is a smooth



DM stack. We call X¢ a phase of the VGIT and crossing a wall in the secondary
fan corresponds to a birational modification of X¢.

We are particularly interested in the case when our representation is Calabi—
Yau — that is, when the sum of the weights is 0 — and if this holds, then Xj is
Calabi—Yau for any (3 in the sense that Kx, 2 Ox,. In this case, the secondary fan
can be enhanced to a stacky fan (see Definition 3.22) called the stacky secondary
fan (see Definition 3.37). Any stacky fan has an associated toric stack and the one
associated to the stacky secondary fan is called the secondary stack [16]. We denote
this by §. Then § is a proper (see Remark 3.40) toric stack compactifying Trv.
Moreover, the chambers C' of the secondary fan naturally correspond to torus fixed
points in §, which we therefore denote pc. So the points pe in § — which physicists
refer to as “large radius limits” — naturally index the phases of our VGIT.

The reason for our interest in the Calabi—Yau case, is that, in general, birational
modifications of Calabi-Yaus are expected to induce equivalences between their
derived categories and, in particular, all the phases of a toric Calabi-Yau VGIT
should be derived equivalent. In fact, this has been proved, using the theory of
windows, in [6, 22]. However such derived equivalences are not unique and so we
would like to understand the global story of how they all fit together.

A priori it seems difficult to guess what relations one expects between these
equivalences. Yet physicists came up with a remarkable prediction, which we shall
now explain. They first tell us to complexify the space of VGIT parameters. We do
this by associating to our VGIT a particular type of 2-dimensional quantum field
theory, called a gauged linear sigma model (GLSM). Here the “gauging” refers to the
T, action and the “linear” to the fact that 7T, acts on the linear space C". Physicists
impose the Calabi—Yau condition to ensure that this GLSM is not anomalous. Our
VGIT parameters 3 € Ly give parameters in this theory. These should be thought
of as K&hler parameters — indeed the polarisation O(3) descends to one on Xg.
There are other “Kéahler-type” parameters in this theory, analogous to B-fields on
a Calabi—Yau variety. Together these parameters form a complex orbifold called the
Fayet-Iliopoulos parameter space (FIPS), which, to first approximation, is roughly
Trv, or § if we include limits points. This parameter space is a version of the
“stringy Kéhler moduli space” of a Calabi—Yau variety.

For a general reductive gauge group, it is hard to make precise mathematical
sense of the FIPS, though it should be closely related to the space of Bridgeland
stability conditions [9] on the derived category D’(X¢) of some phase. However,
when the gauge group is a connected torus, we can use toric mirror symmetry to
identify the FIPS with the “complex parameter space” of the mirror GLSM. The
“complex parameters” in a GLSM parametrise “superpotentials” — that is, a cer-
tain class of Laurent polynomials (see Definition 3.1) — which don’t have critical
points, up to reparamatrisation. The exact notion of this “discriminant locus”,
where the superpotentials develop critical points, is given by zeros of the princi-
pal A-determinant E 4 (see Definition 3.6) introduced by Gelfand, Kapranov and



Zelevinsky [20]. This is exactly the degeneracy locus of the “GKZ system” of dif-
ferential equations ([20], Ch. 10, Remark 1.8). As such, the FIPS can be identified
with the complement of the discriminant locus inside this space of superpotentials
(see Definition 3.9). As § is a compactification of this space of superpotentials, it
follows that the FIPS is an open substack inside § and the walls of the secondary
fan are capturing the asymptotic behaviour of the discriminant locus near the toric
boundary in §.

So we have a family of GLSMs whose Kéhler structure is parametrised by the
FIPS. In these physical theories there are dynamical objects known as “D-branes”
which form a category. In certain regions of the FIPS, these D-brane categories can
be understood geometrically as follows. Near each large radius limit po in §, there
is an open subset Vo c FIPS called the “large radius region” near pc (see §5.1).
When the FI parameters lie inside V¢, the D-brane category can be identified with
the derived category D?(X¢). Unfortunately, for other FI parameters it is harder to
understand this category geometrically. Yet, starting with a D-brane in a particular
phase, physicists claim they can canonically transport it to different phases as
we vary the FI parameters. However mathematicians have yet to make “D-brane
transport”, or indeed the GLSM itself, rigorous. Nonetheless, the existence of this
“local system of categories” over the FIPS is a testable mathematical statement.

We want to make a precise mathematical statement out of this heuristic picture
coming from physics with the fundamental groupoid acting on the derived categories
of all of the phases. To this end, we need to pick a basepoint gc near each large
limit pe, since pe itself usually lies in the discriminant. In §5.1, we explain how
to makes these choices, up to canonical homotopy. Then the following becomes a

precise conjecture:

Conjecture A. There is a representation p of the (orbifold) fundamental groupoid
71 (FIPS,{qc}) into Caty such that p(qc) = D*(Xc) for all chambers C of the

secondary fan.

Here Cat; denotes the category of small categories with morphisms given by
functors up to natural isomorphism — that is, the natural 1-category associated to
the 2-category of categories. If the FIPS has a non-trivial orbifold structure, we
need to use the orbifold fundamental groupoid (see [34], Ch. 13).

Several people have constructed representations along these lines. Of partic-
ular relevance to us are Donovan—Segal’s [18] examples arising from A,, surface
singularities. In [18], the authors explicitly identify the FIPS with a hyperplane
complement and show that its fundamental group(oid) acts on the derived cat-
egory of the phases. Recently, generalising [18], Halpern-Leistner—Sam [24] have
considered VGITs arising from so-called quasi-symmetric representations, using
work of Spenko-Van den Bergh [33] on non-commutative crepant resolutions. In
this setting, they construct a representation of the fundamental group of a cer-

tain hyperplane complement on the phases of this VGIT. Similar representations



of fundamental groups of hyperplane complements also arise in work of Donovan
and Wemyss [19] but in a non-commutative setting.

In this thesis, we shall push these ideas further and discuss a strategy for proving
Conjecture A in many cases when our VGIT is not quasi-symmetric, where the
geometry of the discriminant is much richer than a hyperplane complement. The
general theme of this thesis is that nonetheless Conjecture A still seems to hold.

The outline of this thesis is as follows: §2-5 contain largely introductory material
and §6-10 contain the new results. In §2, we give more background and context for
the problem and explain our results. In particular, we explicitly describe the case
when the FIPS is 1-dimensional in §2.1. In §3, we recall the theory of GKZ dis-
criminants in the toric setting from [20] and introduce the FIPS formally. §4 recaps
the theory of derived equivalences between phases coming from grade restriction
windows. In §5, we describe how to use these equivalences to construct the repre-
sentation in Conjecture A on certain large radius paths. In §6 we use the theory
of “fractional grade restriction windows” to extend this to a representation on all
paths near a curve in the toric boundary of a 2d FIPS. In §7, we then prove that,
in two examples, we can extend this representation to the whole of the FIPS. In
higher dimensions, the problem becomes more complicated. Nonetheless we prove
in §8 that for a quasi-symmetric representation the FIPS is a hyperplane comple-
ment and, in fact, the underlying hyperplane arrangement agrees with the one in
[24]. Using the theory of “magic windows”, this is enough to prove Conjecture
A in the quasi-symmetric case. We then move on to the higher-dimensional non-
quasi-symmetric case in §9 and describe an example in detail where, following the
strategy outlined in §2.4.1, we can prove Conjecture A completely. In §9.3, we dis-
cuss how this relates to Donovan and Segal’s work [18] and construct an analogous
finite cover of the FIPS for this example. Finally, in §10 we discuss a conjecture
about how to construct a representation more generally. As part of this, we prove a
Jordan-Holder-type theorem for certain semi-orthogonal decompositions of derived

categories.
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Notation: Let e; denote the ith standard basis vector for Z"™ and e} denote the
1th standard basis vector for (Z™)Y. Let L be the lattice of cocharacters or one-
parameter subgroups (1-PS) of Ty, — that is, L := Hom(C*, Ty ) — and hence LY is the
lattice of characters of Tr,. We let T stl := LY ® S' denote the compact torus inside
Trv and TF, = LY ® R, the connected real subtorus in Tzv. The inclusions into
Ty are induced by the isomorphism R, xS = C* coming from polar coordinates.

A linear toric VGIT T, G C" is specified by its set of weights Q(e}) := 8; € LY,
which can be packaged as a map @ : (Z")Y — LY. We shall assume that Q is
surjective and set k := rank(L). If we let M := ker(Q), N := M" (both lattices of

rank n — k), then there are exact sequences:

0-L % 72" ANSo
(1) AY Q

0->M-—(Z") = L"->0
The map A here is called the ray map and w; := A(e;) is the ith ray. We assume
that the rays are distinct and non-zero. As ker A = ImQ", the linear toric VGIT
Tr, C C" can equivalently be specified by A; cf. [17].

For an element [ in a lattice L, its lattice length |I| is the positive integer such that
[ = |lJu; where u; € L is the primitive generator of the ray through I. We abbreviate
the rank of L to Rk(L). For any field F and abelian group L, Ly := L®zF. We also
set Hy:={ye Ly |(l,y) =0}. R(z) and I(z) denote the real and imaginary parts
of a complex number z € C respectively.

For a (stacky — see Definition 3.22) fan ¥ in Ng, we let X5 be the corresponding
toric variety (stack). For a k-dimensional cone o in X, we let Z(0) ¢ X5 be the
codimension k torus-invariant subvariety (substack) which is the closure of the
torus orbit corresponding to o (see [14], §3.2). We also denote the torus-invariant
divisor in Xy corresponding to w; by D; and so D; = Z(w;). Similarly, if we
pick a polarisation on Xy with corresponding polytope P c Mg, then if F' is a
k-dimensional face of P, we let Z(F) := Z(0) c X5, where o is the codimension &
cone of ¥ dual to F.

We abbreviate semi-orthogonal decomposition to SOD.

For a set of basepoints {p;} in X, m(X,{p;}) denotes the orbifold fundamen-
tal groupoid of X on these basepoints. 71 (X,p1,p2) denotes the elements of the
orbifold fundamental groupoid going from p; to pso.
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FIGURE 1. The secondary stack § with the two large radius limits
pe, and principal discriminant py, marked (T) (for top) and its
stacky secondary fan (B) (for bottom).

2. EXTENDED INTRODUCTION

2.1. The case of a 1d FIPS. We first describe the simplest case of Conjecture
A when the FIPS is 1-dimensional. This is well-understood (see for example [18],
§2.1.1) and corresponds to the case of Tf, = C* G C". The secondary fan (see
Definition 3.13), which is a fan in L} = R, is schematically shown at the bottom
of Figure 1. Because of the Calabi—Yau condition, the secondary fan always has
two chambers C; and Cs. As the secondary fan parametrises the possible GIT
quotients, we therefore have two phases (see Definition 3.21) denoted by X¢, and
Xc, and we let i; : X¢; ¢ [C" /C*] be the open immersion induced by the inclusion
of the semistable locus corresponding to C; into C".

To get the correct stack structure for the FIPS, we have to enhance the secondary
fan to a so-called “stacky fan” (see Definition 3.22). In the 1d case, this “stacky
secondary fan” (see Definition 3.37) just consists of an element (e}) € LY n C; for
i=1,2, which is given by 3(e}) :=lem(3;|5; € C;) (see [16], Proposition 2.12). The
corresponding toric stack is called the secondary stack § (see Definition 3.38) and
is P(41,02)/u, where r:= ged(|8(e))],18(e3)]), £ :=|B(e))|/r € Zso and, if we pick
a1,as € Z such that a1fy +asfs = -1, then ¢ € p,. acts by (¢*2,¢*). Thus § (shown
at the top of Figure 1) has no stacky points in the open torus orbit but may have
some orbifold points at the two large radius limits — that is, torus fixed points —
labelled pc;, .

In any dimension, the discriminant is defined by GKZ’s principal A-determinant
(see Definition 3.6) and, in the 1d case, this consists of between 1 and 3 points.
There is always a unique point, which we denote py, here, in the open torus orbit of
F and we call it the principal component (see Definition 3.11). Then the torus fixed
point pc, is in the discriminant precisely when there are multiple weights lying in
the chamber C;. In the case when only a single weight, §; say, lies in Cj, pc, is not
in the discriminant and is a Zg,|-orbifold point. As such, the FIPS, which is the
complement of the discriminant in §, is an (orbifolded) P! with at most 3 points

missing (see Figure 1).



In light of Conjecture A, we now want to construct an action of the fundamental
groupoid 71 (FIPS, {qc,,qc, }) where gc, is a real (see Definition 5.3) basepoint in
the FIPS near pc,. In dimension 1, this fundamental groupoid is easy to describe
— namely, it is generated by the paths a1, and v shown in blue in Figure 1. If
there are no orbifold points in the FIPS — that is, both pc, are in the discriminant
— then it is the free groupoid on these generators. Otherwise, if we have an orbifold
point of order d at pc, then the only relations are ozf-l = e. We will refer to the
paths «; as toric loops as they are loops which are invariant under the action of
the compact torus val := LV ® S' and the path v as a large radius path.

With this presentation of 71 (FIPS, {gc,,qc, }) to hand, we see that the path «;
must act by an auto-equivalence of X, and we’ll choose this to be tensoring by
a certain line bundle on X¢,. In fact, if we pick a small, possibly punctured, disk
Ve, in the FIPS about pg,, there is a canonical way to identify 71 (Ve,, ¢, ) with
Pic(X¢,;) and hence there is a canonical line bundle associated to a;. We use this
line bundle to define our action of a; on D*(X¢,).

We make this identification 71 (Vg,,qc,) 2 Pic(X¢,) in the 1d case as follows.
We've already seen that m1(Vc,,qc,) 2 (o) and this is either Z or Z,|, where
the latter case happens precisely when 3; is the only weight in C;. To understand
Pic(X¢;,), it helps to think about our VGIT in terms of fans in Ng whose rays are
a subset of the n rays w; defined by the short exact sequence (1) and with support
equal to the full-dimensional cone generated by all the rays w; (see the discussion
before Remark 3.23). Since all phases of our VGIT are DM stacks, by standard toric
geometry (see [14], Proposition 6.4.1), we can identify Pic(X¢,) 2 LY whenever the
corresponding fan for X¢, uses all the n rays w;. Note that Rk(L) = 1 implies that
we only have 1 more ray than the number of dimensions and so, if we don’t use all
the rays, we must use all but one. If w; denotes the ray we don’t use, the same
standard toric geometry tells us that Pic(X¢,) = LY/(B;) = Z,). To complete the
argument, we can use the short exact sequences (1) to check that w; is not in the
fan for X¢, precisely when §; is the only weight in C;.

As such, to get the full action p of 7 (FIPS, {qc,,qc, }), all that remains is to
freely assign an equivalence between D*(X¢,) and D*(X,) to . In the context
of linear toric Calabi—Yau VGITs, one can construct such an equivalence using

windows (see Definition 4.8), which were introduced in [32].

Remark 2.1. As we shall see below, there are infinitely many windows and these
are naturally indexed by Z. As such, there are correspondingly infinitely many
equivalences we could assign to . Hence this approach allows us to construct
infinitely many actions p and there seems not to be a canonical one, though this

ambiguity is naturally fixed by choosing an integer associated to .

To describe our windows, we first note that there is a positive number n naturally
associated to the wall given by the origin in Ly, namely the absolute value of the

sum of the weights in C; for either . We note that 7 is independent of i because of
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the Calabi—Yau condition. Then, in this case, a window is just a full subcategory W
of D([C™/C*]) generated by C*-equivariant line bundles on C" whose weights lie
in an interval of width —1. Such a window therefore depends on a choice of w € Z
and given such a w, the corresponding window W(w) = (O(d) | d € [w,w + 1 - 1]).
The key property of windows in the Calabi—Yau setting (c.f. Corollary 4.16) is that,
for either j and any w, the restriction i} : W(w) — DP(X¢,) is an equivalence. Then
the window equivalence ¢, from D(X¢,) to D¥(X¢,) is i3 o (i7)™! — that is, we
lift from D°(X¢,) into W(w) and then restrict to D°(X¢,).

Remark 2.2. We note that if, instead of v, we had chosen any path from ¢c, to gc,
which together with the «a; freely generates w1 (FIPS, {qc,,qc,}), then the same
argument as above would produce a different action. The particular choice above
was motivated by physics (see [27]).

In particular, if we had chosen the path ' shown in Figure 1 instead of v and
if we fix p(7v) = ¢w, it is natural to ask what the equivalence p(v') is. Noting that
7' = az' oy oay in m (FIPS, {qc,,qc,}), one checks that p(y') = ¢u41 can also
be described as a window equivalence but using the window W(w + 1) instead of

With both of these functors to hand, we can try to think more geometrically
about our action p by studying the auto-equivalence of D*(X¢, ) given by p((y")to
~). This auto-equivalence is called a window shift (see Definition 4.18). It turns
out (see [25], Proposition 3.4) that window shifts can be described as a twist about
a spherical functor whose source category is the derived category of the C*-fixed
locus in C" (see Remark 4.19 for details). In particular, if our representation has
no 0 weights, the C*-fixed locus is the origin and the window shift is a spherical

twist about a sheaf supported on the flopping locus.

2.2. At and near large radius in a higher-dimensional FIPS. So when the
FIPS is 1-dimensional we can solve Conjecture A. In higher dimensions life is not
So easy, one reason being that we don’t have such an easy explicit presentation for
m1(FIPS, {gc}). Nonetheless, as in the 1d case, we can try to focus on regions of the
FIPS where the topology is simpler and try to construct actions of the fundamental
groupoids of these regions.

Recall that the large-radius limits pc are the torus fixed points in § and there is
one for each chamber C of the secondary fan. As we shall see in §5.1 the, possibly
punctured, disk V¢, near the large radius limit pc, in the 1d case generalises to
a certain analytic open region of the FIPS — called a “large radius region” (see
Definition 5.2) — whose closure in § contains the large radius limit pco,. Loops «
in m (Vg,,qc,) are again called “toric loops” as they are the higher-dimensional
analogue of our toric loops «; from the 1d case. Moreover, we still have the same
correspondence (see Lemma 5.4) between toric loops a and line bundles on X,

and hence a canonical action of such loops.



11

Now that we understand how to define our action in the region V¢, c FIPS near
each large radius limit, we turn to constructing an action in another region of the
FIPS, called a “near large radius region”. To make this precise, fix a wall W in
the secondary fan for the rest of this section. Given such a wall W between two
chambers C7 and Cy, recall that there is a unique torus-invariant rational curve in
§ joining pe, and pe,. We will denote this curve by Z (W), shown in Figure 2 (L)
(for left). Then there is a near large radius region Vi c FIPS associated to W (see
§5.2), which connects Vi, with Viz,. This region lies “near” Z(W) in the sense that
its closure in § meets Z(W) in a subset with non-empty interior.

As a warm-up to Conjecture A, for the rest of this section we focus on con-
structing a representation of the fundamental groupoid m (Vix,{qc,,qc,}) with
two basepoints, one near pc, and one near pc,, on D?(X¢,) and D*(X¢,). We
call this fundamental groupoid the near large radius groupoid associated to W (see
Definition 5.9) and it is designed to capture the topology of the FIPS near the
rational curve Z(W). Apart from toric loops at each of the basepoints, there are
additional paths in Vy which connect gc, with gc,. To understand the near large
radius groupoid, it is helpful to single out such a path which is an analogue of the
path + from the 1d case. We’ll denote a choice of such a path by 7211702, where our
notation is designed to keep track of the two chambers.

A first guess for 7%1_’02 is a path in Z(W), going from ¢¢, to gc,, such as v¢, ¢,
in Figure 2 (L). However, Z(W) is often in the discriminant locus and so, as 7%1102
has to lie in the FIPS, we can’t choose such a path in general.

Instead, we use the fact that Vi is fibred in cylinders over some base. As
Vi c FIPS, these cylinders are punctured at points of the discriminant and we can
assume, without loss of generality, that our basepoints both lie on the boundary
of the same fibre. A schematic fibre is shown in Figure 2 (R), where the crosses
indicate the discriminant and where we have drawn a potential choice of 7%1’02.
The reason that this is a good analogue of v is that, if we take the limit of our fibre
and the two basepoints in it under the 1-PS of Tv associated to a generic element
of LY n W, then ¢, ¢, limits to the path v¢,,c, in Z(W) we initially wanted to
choose as an analogue of v. We say that the path 7%1’02 in Viy is a “push-off” of
the path v¢, ¢, in Z(W).

We can see this limiting behaviour of 7001,02 as the fibre approaches Z(W) —
that is, as the cylinder from Figure 2 (R) get closer and closer to Figure 2 (L) — as
follows. By construction of Vyy, all the points of the discriminant in the cylinder
fibre converge to the point py,. If we let my, be the intersection multiplicity of
the open torus orbit in Z(W) with the discriminant, it follows that, for a fibre
sufficiently close to Z(W), we can find a disk D, such as the one shown in Figure 2
(R), which contains all these my, punctures. Moreover, since our choice of 7(071’02 is
outside D, it doesn’t interact with these punctures as the fibre tends to Z(W') and
SO 7%1702 extends across Z(W). We call the subgroupoid of the near large radius

groupoid generated by the generalisations of the a and v paths from the 1d case
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the large radius groupoid associated to W (see Definition 5.12) and denote it by
Q‘L/‘;%. It represents the closest thing we have near Z(W) in a higher-dimensional
FIPS to the fundamental groupoid from the 1d FIPS.

Remark 2.3. In general, the large radius groupoid is a strict subgroupoid of the
near large radius groupoid. Explicitly, any path in the punctured cylinder fibre in
Figure 2 (R) which is not homotopic in the fibre to a path completely outside the
disk D is not in the large radius groupoid. We call such paths in Vi near large
radius paths and observe that they arise whenever my, > 1 — that is, whenever the
discriminant intersects the open orbit in Z (W) non-transversely. Since in general
the discriminant is reducible (see Definition 3.6), this non-transversal intersection
can arise when one component intersects the open orbit in Z (W) non-transversely

or whenever multiple components intersect it.

We now turn to constructing the representation on m1 (Viv, {qc,,qc, }). We start
by considering what happens on the subgroupoid Q%. Given we know how toric
loops act, this boils down to constructing the derived equivalence p(vgl’@) between
Xc, and X¢,. In complete analogy with the 1d case, this is given by a window

equivalence, using the general theory of windows introduced in §4.

Remark 2.4. We can think about this more general window equivalence in a way
which makes the analogy with the 1d case clearer as follows. Namely, X, and X¢,
are “connected” by a VGIT with Rk(L) =1 in the sense that one can find (see [20],
Ch. 7, Theorem 2.10) open toric substacks Y¢, ¢ X¢, such that X¢, \Ye, = X, \Ye,
and Y, are the two phases of a toric Calabi-Yau VGIT with Rk(L) = 1. Then our
more general window equivalence can be thought of as taking a window equivalence
between Y, and Y¢,, as described in the 1d case, and then extending this by the
identity to X¢,.

If we continue this line of thought, the secondary stack for the VGIT for Y is
exactly Z(W) and, by the properties of the discriminant E4 (see Theorem 3.33),
the FIPS for the VGIT for Y is the complement in Z(W') of the components of
the discriminant in § which don’t contain Z(W). In particular, if Z(W) is not
completely in the discriminant in §, then the FIPS for the VGIT for Y is where
the FIPS of the VGIT for X meets Z(W).

Putting the representation on the analogues of «; and 7 together, we arrive
(in Proposition 5.20) at a representation p" : g% — Cat; which assigns to the
analogue of the paths a/y from the 1d case tensoring by a line bundle/a window
equivalence. Here the superscript on p reminds us that we are only considering

paths in Vyy.

Remark 2.5. Exactly as in the 1d case (see Remark 2.1), there are infinitely many
possible window equivalences between X, and X¢, we could choose from and these
are naturally indexed by Z. As such, there are infinitely many representations p""

of G, and no canonical choice amongst these.
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pcy

FIGURE 2. The torus-invariant curve Z (W) with large radius lim-
its po, and point py in the discriminant (L) and a curve “near
large radius” with 3 points in the discriminant (R)

As G is typically a strict subgroupoid of 1 (Viv, {gc,,qc, }) (see Remark 2.3),
the representation p"' constructed so far is however not the end of the story —
that is, we need to know how to assign equivalences to the near large radius paths.
Luckily for us, there is a natural source of extra “window-like” equivalences between
two neighbouring phases coming from fractional windows (see Definition 4.24),
introduced in [25]. These provide candidates for how to extend our representation
oV g% — Cat; from above to the whole of 71 (Viy,{qc,,qc,}). For a general
FIPS, we don’t know how to consistently pick these equivalences for all the near
large radius paths, though see §2.4.3 for some progress in this direction. However,
if we let W be any wall in the secondary fan and denote the two chambers on either

side of W by C7 and C5, we can show:

Theorem A (Theorem 6.15). Suppose Rk(L) = 2. Then we can choose appropriate
fractional windows to get a representation p"V : 7 (Viv,{qc,,qc,}) — Caty such
that p(qcl) = Db(XCl)

What makes this theorem feasible is that, for a 2d FIPS, we can understand
1 (Viw,{4ac,,9c, }) explicitly and hence understand what relations we need to prove
between our functors. This explicit description of the fundamental groupoid comes
from the map on Vi with punctured cylinder fibres discussed above, whose fibre
shown in Figure 2 (R). The basic observation is that, in the 2d case, this map is
actually a fibration with base a small, possibly punctured, disk. This fibration then
gives us an explicit description of m (Viv, {qc,,qc,}) in terms of the fundamental
groupoid of the fibre and the monodromy around a distinguished point in the base.
As we can present the fundamental groupoid of the fibre as a free groupoid, the
only relations are the monodromy relations and, in the 2d case, we can describe
the monodromy explicitly (see Lemma 6.5). Checking that these relations hold
on p" then boils down to properties (see Remark 6.12) of the semi-orthogonal

decompositions used to define our fractional windows.
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Remark 2.6. It’s possible to glue together these near large radius groupoids across
different walls and the representations p"¥' compatibly. The end result is a repre-
sentation p of m1 (U, {qc}) where U := Uwans w Viv.- However, the individual repre-
sentations p" are not canonical (see Remark 2.5) and it’s not obvious whether we
can extend such an arbitrarily constructed p to a representation of 71 (FIPS, {gc})

as in Conjecture A.

From here, there are two distinct directions in which to proceed and we deal

with these in turn in the next two sections.

(1) How to extend the representation p to the whole FIPS in the 2d case
(2) How to deal with higher-dimensional FIPS

2.3. Fundamental group representations of a 2d FIPS. In general, we don’t
know how to choose the representations p"¥ from Theorem A for each wall W of the
secondary fan such that, if we glue them together as in Remark 2.6, they extend to
a representation of the whole FIPS. Nonetheless, for the particular example of the
Octahedron VGIT, which we detail in §5.3 and §7.2, we are able to do this:

Theorem B (Theorem 7.16). In the Octahedron VGIT, we can choose represen-
tations p"V (as in Theorem A) for each wall W such that together they define a
representation of m (FIPS,{qc}). Hence Conjecture A holds in this example.

By a quasi-projective form of the usual Lefschetz hyperplane theorem (see §9.2.1),
we expect 71 (U) to generate 71 (FIPS) in general. As such, to prove Theorem B,
we should only need to prove some additional relations between our functors. Again
there is a natural source of such relations in the context of VGIT called (fractional)
magic windows, which were introduced in [18]. The relevant theory is reviewed in
§4.2, in particular Definitions 4.31 and 4.35.

The proof of Theorem B then consists of two parts. First, we understand what
relations we need to prove in 71 (U). This is purely topological and relies on the
method of Zariski—van-Kampen (detailed in §7.1). The idea here is to pick a nice
pencil of curves on the FIPS and see how the discriminant “braids” as we go around
critical values. Secondly, following on from Remark 2.6, we prove that we can choose
the representation p" on each wall W such that, when we glue them together, there
are fractional magic windows which implement all these relations. This example is
interesting in that we really need to use fractional magic windows as there are no

ordinary magic windows.

Remark 2.7. We also use exactly the same strategy as part of the proof of Theorem
C which we discuss below (see §7.3 for the details).

2.4. Fundamental group representations of a higher-dimensional FIPS.
When the FIPS is higher-dimensional, its topology becomes even more complicated.
However, as mentioned in §1, there is one class of examples where the representation
in Conjecture A can be constructed — when the underlying T -representation is

quasi-symmetric. In this case, we prove:
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Proposition (Theorem 8.8, Proposition 8.14). For a quasi-symmetric represen-
tation, the GKZ discriminant locus is, after taking logs, the complezification of a
real hyperplane arrangement and it agrees with the one constructed by Halpern-

Leistner—Sam in [24] up to an overall shift.

As [24], Proposition 6.6 constructs a representation of the complement of this
(log)-hyperplane arrangement using window equivalences, we have immediately
that:

Corollary 2.8. For a quasi-symmetric toric VGIT, p gives a representation of

w1 (FIPS), thereby proving Conjecture A.

The strategy for proving this result is the same as for Theorem B. In the quasi-
symmetric case both parts — topological and magic window — are well-behaved.
In terms of topology, there is a presentation of the fundamental groupoid of the
complement of the complexification of a real hyperplane arrangement called the
Deligne groupoid (see, for example, [15, 29, 30]). This makes it straightforward
to understand what relations we need to prove between our window equivalences.
Moreover, Halpern-Leistner—Sam [24] show that, to every such relation, there is a
corresponding magic window which implements it.

Outside of the quasi-symmetric setting, both aspects of the problem are harder.
On the magic window side, there are examples where magic windows are not suf-
ficient to implement all the relations (indeed they may not exist at all). In fact,
the Octahedron VGIT is such an example — see Example 4.34. Even fractional
magic windows are not enough (even for a 2-dimensional FIPS), as Example 4.37
shows. The topology of FIPS is also typically more complicated than that of the

complement of a hyperplane arrangement. Nonetheless, we can prove:

Theorem C (Theorem 9.35). Conjecture A holds for the non-quasi-symmetric
“Triangle VGIT” whose FIPS, introduced in §9, is 3-dimensional and where the
phases are (orbifold) resolutions of a certain 3-dimensional non-isolated Zg x Zo

quotient singularity

There are two approaches to simplifying the topology of the FIPS one could take

to prove such a theorem:

e Use the Lefschetz hyperplane theorem
e Take a cover of the FIPS

We come to these in turn in the next two sections.

2.4.1. Lefschetz strategy. To get an inductive approach to proving Conjecture A,
we could try to use the Lefschetz hyperplane theorem which should, in principle,
allow us to reduce the problem to several problems with lower dimensional FIPS.
The ultimate aim behind this would be to reduce to the 2d case. We carry this out

successfully in §9 for the Triangle VGIT and prove Theorem C from this perspective.
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The basic idea behind this approach is that, if we pick a toric divisor in the
secondary stack, then all the phases near that divisor can be described in terms
of several simpler VGIT problems glued together (this can be phrased in terms of
polyhedral subdivisions — see §3.3). In addition, the complement of the discriminant
on that divisor can be described (see Theorem 3.33) analogously as a gluing together
of the FIPS of the simpler VGITs. So we could hope that if we proved Conjecture
A for these VGIT problems near some (or all) of the toric divisors then this might
be enough to prove it for the original VGIT.

Topologically the idea to implement this comes from (a quasi-projective version
of) the Lefschetz hyperplane theorem. This says that, when the FIPS is at least
3-dimensional, the region where a tubular neighbourhood of any ample toric divisor
in the secondary stack meets the FIPS necessarily contains the homotopy 1-type.
As the secondary stack is proper, such an ample toric divisor always exists.

However, in general, this region is not itself a tubular neighbourhood of the divi-
sor in the FIPS. One issue is that many of the toric divisors often lie completely in
the discriminant and so such regions are at best punctured tubular neighbourhoods.
More seriously, the discriminant might intersect the divisor “non-transversely”.

But if the discriminant meets such a toric divisor “transversely”, then the topol-
ogy of this region should be able to be understood in terms of the topology of the
toric divisor. Hence we would have reduced the problem to several simpler problems
with lower-dimensional FIPS and we could continue iterating this approach.

The two main difficulties with this strategy are proving transversality (see §9.2.1)

and solving the 2-dimensional problem (which we have discussed in §2.3).

2.4.2. Cowvering strategy. Covers of the FIPS were used successfully by Donovan and
Segal in [18] to prove Conjecture A in a class of non-quasi-symmetric examples. The
idea is that, for these examples, there is a finite cover of the FIPS which is itself
the FIPS of a quasi-symmetric VGIT and hence for which we can prove Conjecture
A. Moreover they observe that the original VGIT corresponds to a certain “slice”
of this quasi-symmetric VGIT.

We use this approach in §9.3 to construct an analogous cover of the FIPS of the
Triangle VGIT. In this case, the “unsliced” VGIT arises as the representations of
the underlying quiver (shown in Figure 27) of an NCCR on the original (singular)
affine GIT quotient, in much the same way as in the examples in [18]. Having
already constructed an action in §9.2, we content ourselves by just sketching how

to use this cover to reconstruct the action on the Triangle VGIT in Theorem C.

Remark 2.9. The construction of the unsliced VGIT using NCCRs allows us to
relate our story to actions of hyperplane complements arising in the work of Wemyss
and Donovan [19, 36]. See Remark 9.48.

There are two issues with doing this covering strategy more generally:
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e Slicing an “unsliced” VGIT in this way does not in general produce a finite
cover between the FIPS of the unsliced VGIT and the FIPS of the sliced
VGIT.

e Even if we have a finite cover arising in this way, this only helps us if we
can prove Conjecture A for the “unsliced” VGIT. However, for a given
VGIT, we don’t know when we should expect it to arise as a slice of a

quasi-symmetric one.

2.4.3. Representation on near large radius paths. Finally, in §10, we forget about
the complicated topology of the FIPS and instead discuss an idea about how to
generalise the construction of the representation p"" for near large radius paths in
2-dimensions (see Theorem A) to higher dimensions. Recall that, in the 2d case, we
used fractional windows to construct p"” on near large radius paths. These exist
more generally and give a natural guess for how to define p" in higher dimensions.
However, they depend on a semi-orthogonal decomposition (SOD) of D’(Z}) where
X € L is a normal to the wall W and Z} is the A-fixed locus inside X3 where € LY
is any element in the interior of W.

So which SOD should we pick to define p"" on our near large radius paths?
On the one hand, there is a natural way to get SODs of D?(Z}) because Z} is
itself a phase of another (usually not Calabi—Yau) VGIT. In recent years, general
VGIT technology has been developed [6, 22] which, for a given set of paths in Ly
connecting our phase to certain “minimal” phases — that is, phases for which Kx
is nef — allows us to produce SODs of D°(Z}).

On the other hand, we recall in §3.1 that the components Vp of the GKZ dis-
criminant are labelled by faces I" of the polytope A c Ng, which is the convex hull
of the rays. The rays on I' itself form a VGIT and there is a “complementary”
VGIT called the Higgs VGIT. A minimal phase of the Higgs VGIT is called a Higgs
phase associated to I' and we denote it by Zr. There is an intriguing conjecture of

Aspinwall et al. [4], which (adapted to the present context) says:

Conjecture B ([4], Conjecture 5). Loops in our near large radius curve (Figure 2
(R)) about a point in Vr should correspond to twists about a spherical functor with

source category D°(Zr)

Remark 2.10. The physical intuition behind this (see [4] for much more detail) is
that the FIPS is closely related to the space of central charges of D-branes. As
such, when we approach a point in Vr, certain D-branes become “massless”. These
massless D-branes should form a well-defined category independent of the point in
Vr — this is the category D?(Zr) in the conjecture.

Then, if we take a stable object in D?(X) and vary its central charge around a
point of Vr, massless objects in D?(Zr) can destabilise it. To form a new stable
object from the old one, we can combine it with the massless objects which desta-
bilise it. This should give rise to an auto-equivalence of D?(X) which is what the

twist about a spherical functor in the conjecture is supposed to represent.
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It turns out that the minimal phases in the SODs above are actually Higgs phases
and so it seems like the correct SODs to use as far as Conjecture B is concerned
are the ones coming from VGIT as above.

However, if this were true, then we would expect that such SODs always exist
and that the number of factors in these SODs should be independent of the extra
data of the paths needed to define them. We show that such a Jordan-Hdélder
property holds for these SODs:

Theorem D (Theorem 10.4). Any appropriate set of paths in Ly starting at Z}
gives rise to full embeddings ir j : D®(Zr) - DY(Z}) (for some collection of faces
[ andj=1,...,nrw) and an SOD of D*(Z}) into these pieces. Moreover, the I

which occur and the number nr yw are independent of the particular choice of paths.

Remark 2.11. The W-dependence in np w comes from the W-dependence of Z3.
The first part of this theorem is standard (see [6]). Our contribution is the second

part.

If we let mp w be the intersection multiplicity of Vr with the curve Z(W),
then, since there are mpr w points of Vr in the curve in Figure 2 (R), Conjecture

B naturally leads us to predict:

Conjecture C (Conjecture 10.15). The number nr w of embeddings of D(Zr) in

Theorem D agrees with the intersection multiplicity mr w

If this holds, we may pick any SOD D?(Z}) = (Ai,...A;,...) from Theorem D
and a basis {;} for the fundamental group 71 (D) (where D is the disk in Figure
2 (R)) such that, if A; is associated with I' then 7; loops around a puncture in
D at a point of Vr. Then there is a natural spherical functor from A; to D(X)
(see Remark 4.17) and we can define p" (7;) to be its twist. This at least gives a

conjectural action which is consistent with Conjecture B.

Remark 2.12. Even if this conjecture holds, it not clear that any SOD can be
found such that p"V extends to an action of the whole near large radius groupoid.
The main difficulty is that we have no general way of understanding what the

monodromy is.

3. DISCRIMINANTS AND THE FIPS

In this section, we introduce some necessary background (largely following [20],
Ch. 9 and 10) on principal A-determinants, the FIPS, secondary fans/polytopes/stacks

and Horn uniformisation.

3.1. The discriminant and the FIPS. Abusing notation, let A = {w;} ¢ N be
the (numbered) set of rays of our VGIT. In this section, we only consider Calabi-
Yau torus representations — that is, where the torus Ty, := L&C* acts on C" through
SL,. This allows us to find a height 1 affine hyperplane H — that is, of the form
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Wy

w1 I w2 w3
FIGURE 3. A is a redundant face of A but I' is a minimal face

(m,—-) = 1 for some primitive m € M — on which all the rays w; lie. So we can
equivalently think of A as a subset of the polytope A := o0 n H, where o c Ng is
the cone generated by all the rays. Since we always assume that the ray map A is
surjective, A c A affinely generates H n IV, which is a technical assumption needed
for the results in [20] to hold.

Identifying elements w € N = M"Y with characters z* of Ty, we may consider:

Definition 3.1. C4 := {f(z) = ¥4 awz®} = (C")Y is the set of functions on Ty

with exponents in A.
Definition 3.2. ([20], Ch. 9, Definition 1.2) Set
Vo = {f(x) = {aw}wea € C | f has a critical point in Ty}

and V4 := Vg c C4. When V4 is a hypersurface, its defining equation is called the
A-discriminant A 4({aw }wea). Otherwise we declare Ay = 1.

If we pick a face I of A, then we can consider the set V( of functions in cAnT
with a critical point in Ty where Mt := (R(T')n N ). Exactly as in Definition 3.2,
we define V anr = Vg C CcA™ and A anr to be the defining equation of V anr when
this is a hypersurface (and 1 otherwise). In fact, for the purposes of defining the

discriminant we mainly care about minimal faces.

Definition 3.3. For a face I' ¢ A, we define the lattice Lr to be the lattice of
relations between rays on I'. We call the face I' minimal if Lr is non-zero and,
for every ray w; in I', there is some non-trivial relation [ € Ly which involves w;.

Non-minimal faces are called redundant (see [4], 3.2.2)

Remark 3.4. We can interpret this condition dually in terms of weights. Namely,
I is minimal precisely when the VGIT associated to the rays on I' (see §3.5) has
no zero weights.

Since zero weights correspond to just adding a factor of C to the VGIT descrip-
tion, the VGIT associated to a redundant face is just the VGIT associated to a

minimal face times C* for some k > 0.

In fact, redundant faces which are not vertices (such as A in Figure 3) have

A aqr = 1 since V g4qr has codimension greater than 1.
Example 3.5. We take A to be the four points in A in Figure 3, namely:

w1 :(05071)7 w2:(170a1)7 0.}3:(2,0,1), w4:(07171)
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Then V4 is defined as the closure of those (a1, as,as,as) such that f(z,y,z) =
z(ay + agx + azx® + aqy) has a critical point in (C*)3.

Explicitly, this says that there is such an (z,y, z) obeying:
2(as +2a32) =0, asz=0, ai+agx+asz’+asy=0

As such, this is equivalent to ay = 0 and a; + asx + azz? having a multiple root.
Thus Va = {as =0 = a3 - 4ajaz} and this has codimension 2 (so A4 =1). We note
however that Va~r = {a2 = 4a;a3} (where T is the minimal face shown in Figure 3)

has codimension 1 so Aanr # 1 is still interesting in this example.

Definition 3.6. The principal A-determinant E({aw }wea) = [Trea AN € Oca ()

Remark 3.7. Here the product is over all non-empty faces I' of A (including A
itself). By the preceding discussion about minimal faces, it’s equivalent to take
the product over all the vertices and minimal faces. The multiplicity mpr € Zsg
is defined in [20], Ch. 10, 1.B but we will not need it in this thesis. Finally we
interpret Asnr as a function on C4 by pulling-back under the natural projection
p: CA » CAT induced by the inclusion AnT c A and define Vr := p*(V anr)-

Remark 3.8. We can motivate E 4 from the perspective of toric geometry as follows.
Let S4 ¢ N be the semigroup generated by A and 0, and let Y4 := Spec(C[S4]).
Then Th; ¢ Y4 and we can consider C* as functions on Ya. At least when Yy is
smooth away from its torus fixed point, this allows us to define V 4 alternatively in
terms of the locus of f ¢ C* where the twisted de Rham complex (5, ,Adf) fails
to be exact (see [20], Ch. 10, Theorem 2.6 for details).

If instead we let D be the union of the toric divisors in Y4 and consider the
locus where the logarithmic de Rham complex (5, (logD),Adf) ([20], Ch. 10,
§2.A) fails to be exact, we arrive at Gelfand, Kapranov, and Zelevinsky’s definition
of the principal A-determinant E4 (c.f. [20], Ch. 10, Proposition 2.4). By [20],
Ch. 10, Theorem 1.2, our definition of E4 is equal (up to a sign) to GKZ’s definition.

We are now in a position to be able to define the FIPS based on [18], §4.1.
Recall that Ty, acts on C* = (C")Y via the dual short exact sequence from (1).
Since V4 and {E4 = 0} are invariant under Ths ([20], Ch. 9, 3.B), they descend to
give divisors on the quotient stack [C* /Th;]. Abusing notation, we denote these

divisors in the quotient stack by the same symbols.

Definition 3.9. The FIPS of the VGIT associated to A is [C*\{Ex = 0}/T].
The discriminant (locus) is {E4 = 0} ¢ [C* /T].

Remark 3.10. With our definition of the discriminant locus and recalling the nota-
tion from Remark 3.7, we see that Aaqr # 1 precisely when codimeganr (Vanr) = 1.

As such, Vr only appears in the discriminant when codimga (Vr) = 1 and so the
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(reduced) discriminant locus is:

Vr
I'cAlcodimga (Vr)=1

One might expect that Urca Vr is a more natural definition but it is not clear to
us whether this agrees with our definition. Namely, can there be points outside of

the discriminant locus which nonetheless lie in Vr for some face I'?
For later use, we name certain components of the discriminant as follows:

Definition 3.11. The principal discriminant of the VGIT associated to A is
Vpr = Va. When it is a hypersurface, we call it the principal component of the
discriminant locus.

The components of the discriminant locus which are toric divisors are called the

toric parts of the discriminant.

3.2. The secondary fan and phases of the VGIT. We recall that for any (not
necessarily Calabi-Yau) toric VGIT, the space of (real) characters Ly of the torus
Ty, carries a natural fan structure (see [17], 3.4) — the so-called secondary fan —
coming from the different possible GIT quotients of C" by Tr. We introduce this

here for a general linear toric VGIT.

Definition 3.12. Two characters 81 and B3 in LY are called GIT equivalent if the
semistable loci (C")3% = (C")3;.

Definition/Theorem 3.13 ([14], §14.4). The GIT equivalence classes of charac-
ters define a fan in Ly called the secondary fan whose rays include those generated
by the non-zero weights 8; and whose support is the cone generated by all the
weights. A wall of the secondary fan is a cone of codimension 1 and a chamber is

a connected component of the complement of all the walls.

Remark 3.14. In the Calabi—Yau case, the weights sum to 0 and so the cone gener-
ated by the weights equals Ly. Hence, for Calabi-Yau VGITs, the support of the

secondary fan is Ly.

Remark 3.15. In the setting of linear toric VGITs, there are several algorithms
that can be used to calculate the secondary fan. One such algorithm is based on
“generic characters” (see [14], Proposition 14.4.9). This particular algorithm makes
clear that, if Rk(LY) < 2, every ray of the secondary fan has at least one weight on
it. If the VGIT is also Calabi—Yau, the secondary fan is the unique fan with rays
generated by the weights and with support Ly (see Remark 3.14).

Now that we understand the secondary fan, we introduce the dual notion of a

secondary polytope.

Definition 3.16. A secondary polytope is any polyhedron in Lg whose normal
fan is the secondary fan. If we start with a set of rays A ¢ N, we denote any

corresponding secondary polytope by Z(A).
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Remark 3.17. For a non-Calabi—Yau VGIT, the secondary polytope need not be
bounded (and so not really a polytope). However, by Remark 3.14, in the Calabi-
Yau case X(A) is actually a polytope.

In the Calabi-Yau case, we can link the principal A-determinant E4 (see Defi-
nition 3.6) with secondary polytopes by the following:

Theorem 3.18 ([20], Ch. 10, Theorem 1.4). The Newton polytope of E4 is a
secondary polytope.

Remark 3.19. In [20] (Ch. 7, Definition 1.6), the authors define the secondary
polytope 3¥(A) in the Calabi-Yau case. It follows from Theorem 3.18 that their
secondary polytope (which equals the Newton polytope of E4) is a secondary poly-
tope according to Definition 3.16. Our weaker combinatorial notion of secondary

polytope will be sufficient for our purposes in this thesis.

It is clear from our definition of the secondary fan that it parametrises the
possible GIT quotients in our VGIT and this allows us, in particular, to define
phases of the VGIT.

Definition 3.20. For 5 € LY, the GIT quotient Xg is the Artin quotient stack
[(C")5/TL].

It follows immediately from the definition that any two GIT quotients whose
polarisations lie in the same chamber C of the secondary fan are identical. As in
§1, we define:

Definition 3.21. A phase X¢ of the VGIT associated to the chamber C is Xz for
any feCnLY.

This is a smooth DM stack as there are no strictly semistable points for these
quotients (see [14], Theorem 14.3.14).
If we prefer, we can think about the phases of the VGIT in terms of fans as

follows. First, we recall:

Definition 3.22 ([16], Definition A.1). A stacky fan X is the data (A1, Ag, 5, X)

where:

e A, is a finitely generated abelian group
e A is a lattice and X is a fan in (Aq)r

e f:A; —» Ay is a homomorphism with finite cokernel

By [20], Ch. 7, §2, the chamber C determines a quasi-projective simplicial — that
is, all the cones are cones over simplices — fan ¥ ¢ Ng with support o = Cone({w; }),
whose rays form a subset of the original rays {w;}. Moreover, every such fan
occurs for some chamber C'. Then the phase X¢ is the toric stack with stacky fan
(Z™,N, A
oy = Cone(ejlj € J) ¢ R™ for those subsets J c {1,--,m} such that Ar(o;) is

contained in a cone in Y¢.

zm, 3¢ ) where Z™ c Z" indexes the rays in ¥ and the cones in X, are
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FI1GURE 4. 3 polyhedral subdivisions of the triangle A

Remark 3.23. In the Calabi—Yau case, by slicing such fans by the height 1 hyper-
plane H (see the first paragraph of §3.1), we get a bijection between chambers in
the secondary fan (or vertices in a secondary polytope) and (marked) “coherent”
triangulations of A (see Definition 3.26). In this dictionary, coherence of the trian-
gulation is equivalent to quasi-projectivity of the phase. For the precise meaning

of triangulation, see Definition 3.24 below.

3.3. Polyhedral subdivisions. For a Calabi—Yau VGIT, we saw in Remark 3.23
that chambers of the secondary fan (or dually, vertices of a secondary polytope)
corresponded to “coherent” triangulations of the polytope A living in the height 1
affine hyperplane H c Ng. More generally, we’ll see in Proposition 3.27 that we get
a correspondence between faces of a secondary polytope and coherent polyhedral

subdivisions of A.

Definition 3.24. ([20], Ch. 7, Definition 2.1) A marked polytope (A, A) is a pair
where A is a convex polytope in the height 1 affine hyperplane H and A is a subset
of An N containing all the vertices of A.
A polyhedral subdivision of (A, A) is a finite number of marked polytopes (A;, A;)
such that:

e A, c A and A; is full-dimensional

e A;nA; is a (possibly empty) face of both A; and A; and A;n(A;nAj) =

Ain(A;inAj)

e UiAj=A
A triangulation of A is a polyhedral subdivision {(A;, 4;)} of (A,{w;}) such that
A, are all simplices and A; are the vertices of A;.
The subdivision S = {(A;, A;)} refines S" = {(A%, A})} if, for all j, the collection
of (A;, 4;) such that A; c A’ forms a subdivision of (A%, A%).

Example 3.25. In Figure 4, we have drawn 3 polyhedral subdivisions of the tri-
angle A = Conv(0, (2,0),(0,2)) where A is the set of 6 points A nZ?. The first
and second have two pieces A; and As and A; := A; n A. The third has one piece
Ay = A, but A, is the set of five rays shown.

For other polyhedral subdivisions, see Figure 5. For all the 14 possible triangu-

lations, see Figure 24.

‘We now want to define what it means for a subdivision S to be “coherent”. For

this, we recall that 7 € (R™)Y defines a convex, piecewise-affine function 7 on A by
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7(q) =min{t | (¢,t) € A, } where:
A, =Conv{(a,t)e HOR |aec At >n(a)}

Definition 3.26 ([16], Definition A.10). n € (R™)Y is a defining function for the
polyhedral subdivision S = {(A;, 4;)} if the convex, piecewise-affine function 7 has

the following properties:

e 7j|a, extends to an affine function ; on H

e n(a) = (;(a) precisely when a € A;
Moreover, if € (Z™)" and, for each i, (; is integral with respect to the lattice HNN,
we say 7 is an integral defining function. The subdivision S is called coherent if it

has a defining function.
As mentioned above, the reason we care about such subdivisions is the following;:

Proposition 3.27. ([20], Ch. 7, Theorem 2.4) Coherent polyhedral subdivisions S
of (A,{w;}) are in bijection with faces F of a secondary polytope via S — F(S),
where F(S) is the convex hull of all vertices corresponding to triangulations which
refine S. Moreover, FI(S) c F(S") < S refines S'.

Remark 3.28. We'll see in §9 that the three polyhedral subdivisions in Example
3.25 correspond to three 2-dimensional faces of a secondary polytope under this

correspondence.

Remark 3.29. In §2, we mentioned how the phases of a VGIT near a toric divisor
in the secondary stack were phases of simpler VGITs glued together. The above
bijection now makes this precise. Namely, such a divisor corresponds to a facet in
3 (A), which in turn corresponds to a certain polyhedral subdivision of our original
VGIT. The phases near the toric divisor therefore correspond to triangulations
which refine this particular subdivision. Each part (A;, A;) of this subdivision
is the data for a new Calabi—-Yau VGIT with fewer rays and hence is simpler.
Moreover, the phases of the original VGIT near this toric divisor correspond to

certain phases in each of these simpler VGITs glued together.

Remark 3.30. Following on from Remark 3.29, it is helpful to note that the phases
associated to a face F' of X (A), which is dual to a k-dimensional cone o, are
precisely the phases of another toric VGIT. Unlike the original VGIT, this face
VGIT associated to F' is non-linear. Namely, we just replace the starting linear
space C" with the (non-linear) open subset X, = (C")3" for any 8 € LY in the
relative interior of o.

Moreover, if L, c¢ L denotes those 1-PS which pair trivially with o, then, by
construction of X, , only 1-PS in L, have fixed points in X,,. As such, the secondary
fan for the face VGIT is just the pull-back of the secondary fan for the Ty, -action
on X, by the quotient map Ly - Ly /(o).

When F'(S) is an edge of X(A) we can make Proposition 3.27 more explicit using

the notion of circuits.
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FIGURE 5. Two triangulations (L) and (R) of A related by an
edge of ¥(A) whose subdivision is shown in the centre

Definition 3.31. ([20], Ch. 7, Definition 1.B) A collection of rays {w;} ¢ N forms
a circuit if there is precisely one linear relation between the rays and this relation
involves all the rays. A face I' ¢ A is called a circuit if the collection of all rays

lying on I forms a circuit.

Then it can be shown (see [20], Ch. 7, Theorem 2.10) that the coherent polyhe-
dral subdivisions S such that F(.S) is an edge of X(A) correspond to certain circuits
Z in A. Then two vertices of ¥(A) are connected by F(S) if the corresponding
triangulations are the same outside Conv(Z) and inside Conv(Z) agree with one
of the two possible triangulations of the circuit Z. Therefore the subdivision S

corresponding to the circuit Z has Conv(Z) as one of its pieces.

Example 3.32. In Figure 5, we have drawn two triangulations of the triangle
A from Example 3.25. The four rays we,wy,ws,wg form a circuit Z and outside
Conv(Z) (shaded grey in the Figure) the two triangulations are identical. As such,
the triangulations differ by the two possible triangulations of Conv(Z) and so are
connected by an edge in the secondary polytope. The corresponding subdivision is
shown in the middle of Figure 5. Geometrically, the birational map between the

two corresponding phases is a standard flop.

We'll now turn to how the discriminant behaves when we restrict it to a face of a
secondary polytope L(A). Solet S = {(A;, 4;)} be a coherent subdivision and F'(.S)
be the corresponding face of ¥.(A). Since the Newton polytope of E4 is a secondary
polytope (see Theorem 3.18), Ea = ¥ pex(a) Co [uea a?“) and F(S) corresponds to
a collection of monomials of E4. Therefore we can define the coefficient restriction
Ealr(sy = Zper(s) €6 [wea ajj(w). Then we have:

Theorem 3.33 ([20], Ch. 10, Theorem 1.12). Ea|p(s) = c[1; £} where (4;) is
the abelian subgroup of N generated by the elements of A;, m; = [N : (A;)] and ¢ is

some constant.

Remark 3.34. This result tells us that the face F(S) is built up from the secondary
polytopes X(A;) of the simpler VGIT problems defined by A; (see Remark 3.29).
Specifically, it is a Minkowski sum of the X(A4;).

3.4. The secondary stack. For a Calabi—Yau VGIT, defined by A c N living in
a height 1 affine hyperplane H c Ny, we shall now describe how to enhance the

secondary fan from §3.2 to a stacky fan, called the stacky secondary fan.
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This stacky fan is defined by Ay = LY and A; = (Z",)V, where ¢} (for ¢ =1,-,n’)
indexes the rays p; of the secondary fan and we assume that, if there are no rays
with multiple weights on them, e} (for ¢ = 1,---,n) indexes the ray generated by
Bi (see Definition 3.13). Then we may define 5 : Ay — Ay by B(e)) = u,, where
up, € LY is the primitive generator of p;. Now a subset J of {1,---,n'} defines a
cone o := Cone(e|j € J) c (A1)r. We define our fan ¥ by declaring that o is in
Y precisely when fr(o;) is contained in a cone of the secondary fan.

Unfortunately, B is not quite the right g for the stacky secondary fan. Instead,
to define 5(e}), we must consider the polyhedral subdivision S of A corresponding
(using Proposition 3.27) to the facet of ¥(A) dual to u,,. We let c¢g € (Z™)" be any
primitive element in the Z-linear span of the integral defining functions for S (see
Definition 3.26) such that Q(cs) € p;.

Example 3.35. For the 3 polyhedral subdivisions of the triangle in Figure 4 (read-
ing left to right), we see that ey, 2e} +e3 and e are integral defining functions for
these subdivisions. Since they are primitive in (Z6)V, we can choose cg to be equal
to them.

We define
B(ef)=Q(cs)e L’
With this definition, 8(e)) is simply a positive integer multiple of 3(eY).

Remark 3.36. One can check that, if the ray p; of the secondary fan has a single
weight — f5; say — lying on it, then 8(e}) = 8; := Q(e}). This is because we can take
cs = e} for such a subdivision.

By Remark 3.15, for a Calabi—Yau VGIT with Rk(L") < 2, the secondary fan is
the unique fan with rays generated by the weights and with support L. As such,
if this VGIT does not have multiple weights on the same ray, then it follows that
6 = Q. This will be the setup in the case of a 2d FIPS in §6.

Definition 3.37 ([16], Lemma A.31). The stacky secondary fan consists of the
data ((Z",)V,LV,B, Y)) as defined above.

Recall that, to any stacky fan X, there is an associated toric stack (see [16],
Definition A.2).

Definition 3.38. The secondary stack § is the toric stack associated to the stacky

secondary fan.

Remark 3.39. This definition of § is equivalent to Definition A.28 in [16]. To see
this, use [16], Lemma A.31 and note that, as we assume A c N generates N, K4 =0

and so =4 = L".

Remark 3.40. It follows from Remark 3.14 that § is proper (see [14], Theorem
3.1.19).
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Remark 3.41. Instead of our definition of the FIPS (see Definition 3.9), it is perhaps
more natural to define the FIPS as a complement inside §. To make this precise,
observe that Theorem 3.18 tells us that E4 extends to a global section of a line
bundle on §. Then we could have defined the FIPS as the complement of the zero

locus of this section inside §.

One can show that the FIPS is an open substack of § and is always a DM stack
(see [18], §4.1). On the other hand, § can have large isotropy groups. It follows from
Remark 3.40 that § is a toric compactification of the FIPS. This is one important
reason why the secondary stack § is such a central object in the study of the FIPS.
It will sometimes be useful to think of the discriminant as living inside § as opposed
to [C* /Tas] (see Definition 3.9).

Definition 3.42. The discriminant (locus) inside § is the complement of the FIPS
inside §.

If we abuse notation and let Vr also denote the closure of Vr in §, then the
discriminant in § is just the union of the components Vr for all faces I" plus some
extra toric divisors, indexed by rays of the secondary fan with no weights on them.

In fact, we can describe the toric part of the discriminant in § completely. First,
we note that the components V,, of the discriminant in § corresponding to rays
w; which are vertices of A are toric as V,, = {a; = 0} is in the discriminant. On
the other hand, it is entirely possible to have toric divisors in the FIPS — that is,
divisors which are not (wholly) in the discriminant locus. In fact, since Vr for T’
a non-vertex face of A is never a coordinate hyperplane in C*, it follows from the
definition of the FIPS that divisors in the FIPS are indexed precisely by the ¢ from
1 to m such that the ray w; € N is not a vertex of A. The ray in the secondary
fan corresponding to the toric divisor in the FIPS indexed by ¢ is therefore the one
generated by f;.

It follows that the toric components of the discriminant in § correspond to rays
of the secondary fan with either no weights on or only weights corresponding to
vertices of A. An elementary argument using the short exact sequences (1) shows
that, whenever a ray in the secondary fan has multiple weights on it, all these
weights must correspond to vertices of A. As such, the toric components of the
discriminant in § correspond to rays in the secondary fan with either no weights
on them, 1 weight (corresponding to a vertex of A) or at least two weights.

We'll see in §5.1 that, if a chamber C' contains in its closure a ray indexing a
toric divisor in the FIPS, the phase X has smaller than expected Picard rank —
that is, < Rk(L"). We now consider the extreme case of this when we have an affine
orbifold phase (whose Picard group is therefore finite). We’'ll see that all of the

toric divisors near such a phase are in the FIPS.

The affine orbifold case: Suppose we have a linear toric VGIT with a phase (with
corresponding chamber C' in the secondary fan) which is an orbifold, [C™ /G] say
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where G ¢ SL,,(C) is a finite abelian group. We’ll see an explicit example of this
situation with the Triangle VGIT in §9.

Then, as the fan for [C™ /G] consists of m linearly independent rays, A has to
be an (m — 1)-simplex (which we can assume has vertices n;e; for i = 1,...,m for
some n; € Zsp). It follows that G, which is the kernel of the ray map tensored
with C*, is isomorphic to ]2 ptn, © (C*)™. If there are n rays in A which are
not vertices, then Rk(LY) = n. By definition, the FIPS is an open subset inside
[C™™ |Ty] (where the coordinate a; on C**™ corresponds to the ray w; in A).

As the toric components of the discriminant inside [C""™ /T);] are precisely
{a; = 0} for i corresponding to the m vertices of A, in the FIPS a; # 0 for such ¢
and we can therefore use the T)s-action to set the m vertex coordinates to 1. For
the vertex n;e;, this is ambiguous up to p,, and hence we can describe the FIPS
as the complement of the non-toric parts of the discriminant inside [C™ /G] where
G c (C*)™ acts by reparametrisation.

Since the non-toric parts of the discriminant avoid the torus fixed points in §, it
follows that the torus fixed point 0 € [C" /G] is in the FIPS and one checks that this
corresponds to the chamber C associated with the orbifold phase. As the non-toric
parts of the discriminant are not toric divisors, we see that, in the orbifold case,
all the toric divisors near the orbifold phase are in the FIPS. This affine toric DM
stack [C™ /G] which here partially compactifies the FIPS is a special case of the
moduli stack V4 of full sections from [16], §A.4.

3.5. The VGIT associated to a face. Let I" be a face of A and suppose nr rays
of the VGIT lie on I'. Let L c L be the lattice of relations between these rays.
Then the rays in I' define another Calabi—Yau VGIT — the VGIT on I" — given by
the exact sequence:

0= Lp—>Z" - Nr -0

where Np c N is the sublattice generated by the rays in T.

In this section, we describe how the VGIT on I fits with the original VGIT. This
leads naturally to the Higgs VGIT on I". We also discuss in Lemma 3.47 a handy
bijection between minimal faces and certain subspaces in Ly, which will be used in
the proof of Proposition 8.14.

We begin by noting that the exact sequence defining the VGIT on I' includes
into the original exact sequence (where A is surjective by assumption) to give the
following commutative diagram with exact rows and columns where ¢ has finite

cokernel (here the bottom row can just be defined as the cokernel of the inclusions
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above them). Note that N{. can have torsion.

0 0 0
| | |
0 Lr AL Nr 0
| o
0 L " N 0
. Lk
0 L zrr L N
| | |
0 0 0

If we want to think in terms of weights, we need to dualise this diagram. Setting
Mr := NY = Hom(Nr,Z), M{. := (N[.)" and noting that L, Lr and Ly are all lattices,
we get the following commutative diagram with exact rows and columns where Q)

and 7V have finite cokernel:

0 0 0
L1
0 M —— (Z""")Y —= (L})"
| | |
(3) 0 M (zr)yY —2 1 0
T
0 My (zZrr)v — LY, 0
| |
0 0

Borrowing our terminology from the physics’ literature (see [4]), we define:
Definition 3.43. The Higgs VGIT on a face I' is the VGIT with weights Q2

Remark 3.44. As remarked in §2, the Higgs VGIT on I is “complementary” to the
VGIT on T in the sense that it uses only the complementary set of weights. These

correspond to rays w; not lying on I'.

It follows from (3) that Im(Q2) is the (co-finite) sub-lattice of (L}.)Y generated
by the complementary weights. As such, (Lp ) is the linear subspace spanned by

the complementary weights.

Remark 3.45. Tt is important to note that, unlike the VGIT on I', the Higgs VGIT
on I' is not necessarily Calabi-Yau. In particular, some phases may not be minimal
— that is, their canonical divisor may not be nef. We shall explore this much more
in §10.
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Remark 3.46. The definition of the Higgs VGIT on I' did not use the fact that "
lives in the height 1 slice H or is a face of A. So more generally, if we have any
linear toric VGIT and T is a linear subspace in Ng spanned by the rays on it, then

we can define the Higgs VGIT as above.

When I' is a minimal face, the corresponding subspace (L-)g c© Ly of comple-
mentary weights has some special properties which we’ll now see characterise it

completely.

Lemma 3.47. The map I' — (L[)§ gives a bijection between:

{ Minimal } { Proper subspaces of Ly, spanned by the weights lying on}
<>

faces of A them and with a positive relation between all these weights

Remark 3.48. Here by a proper subspace we mean a subspace that is not all of Ly.

A positive relation is a relation )’ a;8; = 0 where all a; € Zsg.

Proof. We first check that (L1)g has these properties. Certainly (Ly)g = kerpr
(see (3)) is proper as Lr # 0 by minimality of I'. Note that Remark 3.4 tells us that
if I is minimal, then ()1 has no zero weights. By (3), this is the same as saying that
the only weights which lie on (L1 ) are complementary weights. Moreover, by the
top row of (3), (Ly)g is spanned by the complementary weights and hence by all
the weights lying on it. Since I' is a face, there is m € M{. such that m(r(w;)) >0
for all w; not lying on I'. As such, Q3o j(m) gives a positive relation between all
the complementary weights and hence all the weights on (L1 )g.

For injectivity, since I' is minimal, the weights lying on (L[.)§ are precisely the
complementary weights. As such, if we know (L) then we can recover the set of
complementary weights and hence the set of rays on I'. Taking the affine span of
the corresponding w; in A recovers I' so this map is injective.

For surjectivity, take a proper subspace H of Ly with the properties above. Then
set (L1)Y:==HnLY and let Qs : (Z”’)V — (L)Y be the set of all weights lying on
H. Then Q2 has only finite cokernel and we set M[. := ker Q2. Embedding this
into the short exact sequences of weights on LY and taking the cokernel gives a
commutative diagram of abelian groups similar to (3) which is exact everywhere
apart from possibly the bottom left and top right corners and here the kernels
and cokernels are finite. By definition of @5, the basis vectors in (Z"')V index all
weights in (L[ )%. As such, the map Q1 : (Z”_"’)v — L} has no zero weights.

Dualising this square over R gives a subspace (Nr)r ¢ Ng which is generated by
the rays indexed by basis vectors in A Intersecting (Nr)r with A gives a slice
I' ¢ A. Since there is a positive relation between all the weights lying on (L)Y,
by the short exact sequence involving @2, this relation is of the form Q5o j(m) for
some m € M{. such that j(m) € N"'. Viewing m as a function on Ng which vanishes
on I' and is positive on all the rays indexed by 7" shows that T is in fact a face of
A and Z" - N{ has no zero weights. Moreover, by Remark 3.4, as Q1 has no zero

weights, I' is a minimal face.
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Finally we need to check that H agrees with (Ly)g for this face I'. Since we
constructed the VGIT on I' by taking all the rays on I', this follows from the fact
that 2" — N{ has no zero weights — that is, the rays indexed by Z"™ are the only
rays on I. U

Remark 3.49. We note that, amongst all proper subspaces H c Ly spanned by the
weights lying on them (which here we call §; for j =1, k) , those with a positive
relation between all the weights can be characterised by Cone({3;}) = H. To see
this, note that if Y a;6; = 0 is a positive relation (so a; are all positive integers)
then, for any i, —a;f; = ¥;.; a;B3;. So —f; € Cone({3;}) for all i. Since the 3; span
H, this gives that Cone({8;}) = H. Conversely, if Cone({3;}) = H, then, for any
i, =B = X a;8; where a; > 0 are rational. Rearranging this tells us that, for any ¢,
we have a relation ) a;3; = 0 where a; >0 and a; = 1. Summing these together for
all ¢ gives the desired positive relation between all the weights on H.

Using this characterisation, we observe that the subspaces from Lemma 3.47
necessarily have — ¥ ;13 e B; € Cone({3;}). By Theorem 3.13, this means that the
canonical divisor of the Higgs VGIT lies in the support of its secondary fan and

hence the Higgs phase is non-empty.

Remark 3.50. We observe that a polyhedral subdivision of (A, A) induces a poly-
hedral subdivision of (I, ANT") for any face T of A. Moreover, from the description
of the secondary fan in Remark 3.15 and the diagram (3), it follows that the natural
quotient map p: LY - LY. from (3) is actually a map of stacky secondary fans.

Remark 3.7 tells us that Vp nTpv is the pullback of Vanr N 7Ly under p® C*.
Then it follows that Vp c § is actually the pullback of Vanr from the secondary
stack of the VGIT on T.

3.6. Horn uniformisation. First we recall ([20], Ch. 9, §3A) that the logarithmic
Gauss map vz : Z -» P! of an irreducible hypersurface Z c (C*)™ is the rational
map taking a smooth point z € Z to dI;*(T,Z) where [, is multiplication by z in
(C*)™. Then we have:

Definition/Theorem 3.51. ([20], Ch. 9, 3.C) The Horn uniformisation is the

rational map with image V,, given by:

P(Lc) -> Vpr € Trv = Hom(L,C*)

n

A (e TT(B )

i=1
In the case when V,, is a hypersurface, this is a birational map with inverse given

by ¥v,,.-

If we pick a basis for L and corresponding coordinates Aq,---, Ay on L¢, then

(identifying Trv = (C*)*) we may rewrite the Horn uniformisation as:
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Pk—l N vpr c (C*)k

(4) s Akl e ([T B + -+ MeBiw) ) ict oo
j=1
where 3;; are the components of the weights 5, € LY = ZF in the dual basis.

4. WINDOWS

We now briefly recall the theory of grade restriction windows in the context of
toric VGIT with 77, G C™. For more details, we refer the reader to Ballard-Favero—
Katzarkov [6] and Halpern-Leistner [22]. Here we mainly follow the exposition and
notation given in Halpern-Leistner—Shipman [25], §2.

Recalling Definition 3.20, we see that all GIT quotients Xz in the toric VGIT are
open substacks inside the Artin stack X = [C" /T1] and we denote the inclusions
by i. Kempf and Ness showed how to equivariantly stratify the unstable locus —
nowadays this is called the Kempf-Ness stratification — by locally-closed substacks
Yy, © Xp called “blades”. As such, Xz = Xo\(U, Y3,). These blades are indexed
by A; € L for i = 1,---, k which are an ordered list of “destabilising 1-PS” determined

by the choice of 8 € LY (see the above references for details).
Definition 4.1. To any 1-PS A, the blade Y) := {z € Xo|lim;o(A(¢).2) exists in Xo}.

Remark 4.2. If the group acting were not abelian, we would need to run the above

procedure on a maximal torus and then take the G-orbits of the blades Y.

Definition 4.3. For \ € L, we let Z* := [(C")*/TL] ¢ X, be the Artin quotient
stack of the A-fixed locus (C™)* inside C" by Ty, and Z'* := [(C™")*/(TL/Im()))]
be the Artin quotient stack of the same locus by T7/Im()\), which still acts as A
acts trivially on (C™)*.

Definition 4.4. D’(Z?),, is the full subcategory of D®(Z*) comprising of objects
with A\-weight w. For F* € D*(Z*), (F*),, denotes the A-weight w summand of F*.

The blade and fixed locus fit into the following diagram, where ¢ is the inclusion

and m(z) = lims,o(A(¢).2).

Yy s X,
Z)\
As X is smooth, 7 is then a locally trivial bundle of affine spaces over Z*.

Definition 4.5. Given a 1-PS X € L, we define )y := det(Ny, /c») € Pic(Yx) and

N = wta(kY|z2) €Z

With these definitions, one can show:
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Lemma 4.6. ([22], Corollary 3.28) i = ix o7 : DY(Z*),, - D%(Xy) is fully
faithful. Its left adjoint iﬁ,w(F') = (F*|z22)w and its right adjoint iiw(F') =
(F.|Z)\ ® R)\‘Z)\)w-

Here, as always, |z» is derived restriction to Z* and we note that a0 and

ix-1,_, are different functors, despite their source category being the same. When

A is obvious from the context, we abbreviate iy t0 #y.

Definition 4.7. The image of iy ,, is denoted by A} c D*(X,). If A c D*(Z*),,

is a full subcategory, A2 ¢ D’(X() denotes its image under iy ,,.

Definition 4.8. The grade restriction window Wy(w) ¢ D*(Xy) defined by a 1-
PS A e L and w € Z is the full subcategory with objects F'® such that, for all i,
wtr(H (F*)|z») € [w,w +ny - 1]. This numerical condition on F* is called the

grade restriction rule (for \). We denote the inclusion Wy (w) ¢ D*(Xy) by j.
Then the foundational result of the theory of windows says:

Theorem 4.9. ([22], Theorem 2.10) Restriction i*oj: Wy(w) - D*(Xo\Ya) is an

equivalence of categories.

If we want to make further deletions, we can set Xy := X(\Y) and run the same
argument again. Continuing inductively, if for each destabilising 1-PS \; appearing

in the Kempf-Ness stratification for Xg we pick w; € Z, we may define:

Definition 4.10. The full subcategory Wy (w) ¢ D(Xp) (call this inclusion j) con-
sists of objects ['* such that (for alli =1,...,k and m) wty, (K™ (F*)| 70\, YM) €
[wi, w; + My, — 1]

Remark 4.11. This is a fiddly definition because we need to work with the locally
closed subsets Z%\ U, Yy,. As such, a priori Wy (w) depends on the ordering of
our 1-PS \;. We'll see in §4.2 that magic windows (when they exist) give a much
simpler description of W (w) (for certain values of w), which in particular shows

that these categories don’t depend on the ordering of the 1-PS.
Then applying Theorem 4.9 iteratively gives:

Theorem 4.12. ([22], Theorem 2.10) Restriction i* o j : Wy(w) - D*(Xp) is an

equivalence of categories.

Remark 4.13. One can show that i* : D’(Xy) — D®(Xp) is essentially surjective
for any 8 € L. Since we consider linear toric VGITs, D?(X) is generated by line
bundles. It follows that D°(Xp) is generated by line bundles for all 3, which makes

these derived categories quite combinatorial objects.

Definition 4.14. C)) is the full subcategory of D?(X) with objects F'* such that,
for all i, wty(H (F*)|zx) € [w,w +ny]

It will be useful later to note that the inclusion Wy (w) c C;) is admissible. In

fact, we have:
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Theorem 4.15. ([22], Theorem 2.10) There is a semi-orthogonal decomposition
Co = (Wa(w), A)) = (A7, Wa(w +1)).

We now focus on crossing the wall W between two neighbouring chambers C.,
following [25], §3. Denote the two phases by X, and X_ and by A= A¢c_ ¢, € L the
primitive normal vector to W, which points towards C_. Then we can arrange that
there are the same number of destabilising 1-PS A} for X, as there are A; for X_
(call this number k). Moreover we can assume that A\Y = A7 fori=1,--- k-1 (call
this common 1-PS \;) and that A} = (\;)™' = A If we let X7 = Xo\(U! va,),
then X, = XO)\\Y)\t. We denote the inclusions X, c Xé‘ by iy.

The theory of windows outlined above works more generally with any smooth
projective-over-affine variety in place of C" and so we get windows Wi« (w) c
Db(Xy) for DP(X,). If wtywy|z» = 0, then one can check that 7y = 7,1 and,
denoting this common value by 7, we have that Wy(w) = Wy-1(—w —n + 1). Thus
it follows that:

Corollary 4.16. ([22], Proposition 4.5) Suppose wiw|z» =0. Then iy : Wx(w) —
D*(X.) are both equivalences.

Remark 4.17. If we let Zy := Z* n XS‘, we also get a fully faithful functor i, :
D®(Z\)w — D"(X{) given by restricting the functor i,, from Lemma 4.6. Moreover,
the functor F, = i*0iy, : D*(Zy)w — D?(X_) turns out to be spherical (see [25, 32]).

We observe that the assumption of Corollary 4.16 always holds when our VGIT
is Calabi-Yau and hence we get equivalences between the derived categories of

neighbouring phases.

Definition 4.18. For a Calabi—Yau VGIT, the equivalences (for any w € Z) ¢,, :=
it o (i) DY(X.) » Wya(~w-n+1) = Wy(w) - D°(X,) are called window
equivalences.

The autoequivalences (for any w € Z) 1, = ¢yt 0 puy1 : DP(X_) - DY(X_) are

called window shifts.

Since the secondary fan of a Calabi—Yau VGIT is connected (in fact, its support
is Ly), the theorem implies that all phases of a Calabi-Yau VGIT are derived

equivalent via window equivalences.

Remark 4.19. The window shift ¢, based at a phase X_ can be described more
geometrically (see [25, 32]) as the twist about the spherical functor Fy, : D*(Zy)., —
DP(X_) from Remark 4.17.

When we're not in the Calabi—Yau setting, we don’t expect to get equivalences
between all the phases of our VGIT. Nonetheless, we can still use the theory of
windows to describe how the derived categories of the phases on either side of a

wall W differ (see [5, 6]). Suppose we pick A € L to be primitive normal to W
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such that uy := (A\,-K) <0, where —-K = ¥, ;. We call the phase associated to the
chamber C' with (A\,C) < 0 X,, the other phase X_ and the quotient on the wall
Xo (this is intentionally ambiguous when py = 0). Finally we let Z} be the A-fixed

locus in Xy (forgetting the trivial A action).

Remark 4.20. Recall that a phase X is minimal if Kx is nef. So here X_ is the

“more minimal” phase and X, is the “less minimal” phase.

The following theorem is just the extension of Corollary 4.16 to the case when
wtawy|z» # 0. By our choice of A, nx > -1 as px = 1nx-1—nx < 0. As such, ¢_yy_y, +1
using the window Wy-1(w) ¢ Wx(—w —ny + 1) for X_ still gives a full embedding.

Theorem 4.21 ([5], Theorem 3.1.4). For any w € Z, there are full embeddings
Go-ny+1: DP(X_) = D*(X,) and Fj : D(Zy-1); - D*(Xy) forj=w,...,w—pu\-1
such that (Im¢_y—p,+1,ImFy, ..., Im Fy_,, _1) is an SOD of D*(X,) where F; =
i} oiy1; (c.f. Remark 4.17).

Remark 4.22. This theorem follows from a mild generalisation of Theorem 4.15.
Namely, if Wy (~w —nx + 1) c D®(Xp) is a window for D®(X,) (of width 7y), then
there is an SOD Wy (—w-ny+1) = (Wy-1 (w), A;};l,---, Ag__lm_l), where Wy-1(w) is a
window for D®(X_) (of width 7-1) and Af‘il is a copy of D?(Zy-1);. Then Theorem
4.12 tells us that restricting from Wy (-w-ny +1) to D?(X,) is an equivalence and
restricting this SOD gives the functors and SOD described in the theorem.

From Theorem 4.15, we see that
RAﬁ,_l (W};l (’LU)) = W)\—l (’LU + 1) = WA—I (’LU) ® OXo (ﬂ)

where 3 has A\"!-weight 1. Restricting this to X, gives that Ri,r, (Im@_y—ny+1) =
Im¢_yy—n,+1(B). This property will be very useful in §6.2 where we will refer to it

as the window property of Imp_.,—y, +1-

Example 4.23. We consider the simplest case of this when X is a rank 1 VGIT
(so Xy is of the form [C" /C*]) with no zero weights. Here X is the primitive 1-PS
pointing towards the minimal phase X_ and we denote by O(j) the line bundle
with A™'-weight j. We observe that p = | ¥, 8;| = na-1 = na. Then Yy« = {z; = 0]
(Bi, A\*) < 0} and X, = X(\Yy: can be described geometrically as a vector bundle
on a weighted projective space (which is given by Y= n X, = Y)=\{0}).

Then Theorem 4.21 gives an SOD of D?(X, ) in terms of D®(X_) and -, copies
of D*(Z}). As there are no zero weights, Z4 = 0 and so D*(Zy-1); = (Oz,,(5))-

When py < 0, it follows that ImF; is generated by an exceptional object in
D*(X,), which is explicitly given by Oy, _,\{0}(j)- By Remark 4.13 we know

Wi(-w=nx +1) = (Ox,(w),, Ox, (w+nx = 1))

and similarly Wy-1(w) = (Ox, (w), -+, Ox,(w +ny-1 — 1)).
Thus Im¢_y—p, +1 = (Ox, (w), -, Ox, (w+nx-1 — 1)) and our SOD is

D*(X,) = (Ox, (w), -, Ox, (w+my-1 - 1), Oy, _\{o3(w), -+, Oy, _\jo3 (w = px = 1))
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4.1. Fractional windows. We now describe how to generalise the notion of win-
dows to fractional windows, as introduced mathematically in [25]. This will give us
an extra source of equivalences between neighbouring phases of our VGIT which
we’ll use in §6.2 to construct a (partial) fundamental group action when the FIPS
is 2-dimensional.

Fix a 1-PS X € L, w € Z and a semi-orthogonal decomposition (A, B) = D*(Z*),,

Definition 4.24. The fractional window F({A,B)) c D’(Xy) associated to this
data is the full subcategory with objects F'® such that, for all i:

o Wty (H(F®)|zx) € [w,w +1]

e Homys (Wt H (F*)|zx,A) =0

e Hom s (B, Wty (HU(F®)| 25 ® kalz3)) =0
This (partially numerical) condition on F'*® is called the fractional grade restriction
rule (for A and (A, B)).

Let’s now consider crossing a wall between two neighbouring phases X,. Our
goal is to introduce fractional window equivalences in analogy to the usual window
equivalences in Definition 4.18. As before, let A € L be the primitive normal vector
to the wall between the corresponding chambers pointing towards the X_ phase.
We denote the quotient associated to the linearisation on the wall by Xy and so
X: = Xo\Y): (with the inclusion in X, denoted i, ).

If wtywY|zx = 0, then 7y = 7ny-1 and so, since FY({A,B)) c D*(Xy) lives in \-
weights [w,w+n], F,"{""((C, D)) has these same A\-weights, for any semi-orthogonal
decomposition (C,D) = Db(Z)‘_l)_w_n. When (C, D) is the “dual” SOD, we can do
better:

Lemma 4.25. Suppose w|zx 2 Ozx and define C' == C ® kX|zx. If at least one
of A, B is proper (that is, all morphisms are finite-dimensional vector spaces), then
BY =B @uwz, A = A’ gives an SOD of Db(le),w,n = DY(Z*)ysn such that
FUT(BY,AY)) = FY((A,B)). Moreover, ii : Fy'({A,B)) » D'(X.) are both

equivalences.
As before, in the Calabi—Yau setting, this allows us to construct equivalences.

Definition 4.26. For a Calabi-Yau VGIT, the equivalences (for any w € Z)
Xw =} 0 (i*)7h: DP(X2) > FT7((BY, AY)) = FY((A,B)) - D(X.) are called

fractional window equivalences.

In the rest of this section, we recall some facts about how (fractional) windows in
D%(X,) behave under mutation. We shall use this in §6.2 (and only there) to help
prove certain “monodromy relations” hold between our fractional window equiva-
lences. Recalling the notation in Definition 4.7, we have the following extension of
Theorem 4.15:
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Theorem 4.27. ([25], Lemma 4.10) There is an SOD Ci» = (A}, F*((A,B)), B))
and hence Fy'((A,B)) = R (Wx(w)) = L (Wx(w + 1)) (where L|/R denote the
left/right mutation functors respectively). Moreover, the following diagram com-

mutes:

Wi(w)

R 4
- FY((A,B))

D*(X.)

More generally, if we have an SOD D®(Z*),, = (E\, ..., E,) we can consider, for
each i = 1,...,n, the subcategory U; of D°(Z*),, generated by the first i pieces of
the above SOD and the subcategory V; generated by the remaining pieces. These
then give us fractional windows Fy’({U;, V;)) for each i and it follows from Theorem
4.27 that:

Corollary 4.28. The following diagram commutes:

Rpa
F;‘\U((U“V,» — F (( i+1 z+1>)

* %
Ty

D (X,)
where, for notational simplicity, Eer1 =ixw(Eis1)-

If we consider again a wall-crossing between two neighbouring phases X, as be-
fore, we define A* =i\ _y—p(A) and A™ := iy-1 ,,(A). Then there is also a dual ver-
sion of Corollary 4.28. Namely, if we have an SOD D®(Z*),, = (E, ..., E,), we can
consider the (left) dual SOD D*(Z*)y, = (F,,...,F1) where F; := Lip, g, ,)(E:).
Note that Fy = E1 and F,, = E, ® wzx. Tensorlng with kY|zx, we get an SOD
Db(Z)‘ )—w-n = (Fy,..., F})and we call U; the subcategory of Db(Z)‘_1 )—w-n gener-
ated by the first ¢ pieces of the SOD and V; the subcategory generated by the remain-
ing pieces. Note that U; = (E!_,, 1, E")®@wys =V, ®@wys and Vi =U.,_,. Then
Lemma 4.25 gives that Fi((Us, Vi) = F; (Vi @ wan Ul _)) = FL (U, Vi)
for all ¢ and, from Corollary 4.28, we get:

Corollary 4.29. The following diagram commutes:

—

FE (Uier, Vier)) Fe (U, Vi)

D'(X.)

4.2. Magic windows. In this section, we define magic windows and see that they
naturally lead to relations between window equivalences coming from different walls.
This will be used extensively to construct our fundamental group representation for
the non-quasi-symmetric examples in §7.2, §7.3 and §9. A good reference for this
material is [18], §5.2 .
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As we saw in Remark 4.11, the actual definition for the window Wf (w) for a
given phase Xg is given by imposing the grade restriction rule on the logally closed
pieces Z2\ U« Y, for each destabilising 1-PS \; for that phase. Here we have
added a g to the notation just to stress that this data depends upon the phase we
are considering. More naively, we could just impose the grade restriction rules on
the fixed loci Z* for all 1-PS A defining walls in the secondary fan.

Definition 4.30. Let MW (w) c D*([C™ /T1]) be the full subcategory generated
by all line bundles O(3) (for 5 € L") which satisfy the grade restriction rule (starting
at wy) for all walls W in the secondary fan. Explicitly, for each such W, if one of

its primitive normal vectors is A € L, we require that (8, \) € [wx,wy +nx - 1].

Then it follows that MW (w) c Wf (w) for any 3 in a chamber of the secondary
fan. Hence, by Corollary 4.16, restriction i* : M W(w) - Db(Xp) is fully faithful for
any phase. If this functor is essentially surjective, it follows that MW (w) = Wf (w)
for all phases and so these windows admit a particularly nice description. We give

this situation a name:

Definition 4.31. MW (w) is a magic window if it generates (upon restriction) the

derived category of one of the phases.

Remark 4.32. For an explicit example of magic windows, see the proof of Theorem
7.27 in §7.3.

Remark 4.33. We note that if MW (w) is a magic window, then so is MW (w) ®
O(B) = MW (w+(B,\)) for any 8 € LY. However, up to tensoring with line bundles,

there are only finitely many magic windows.

The existence of magic windows requires a delicate balancing of the w) for all
normal vectors A, as there are usually more than Rk(L"Y) destabilising 1-PS and so
we are imposing more than Rk(L") inequalities on a Rk(L") space. As such, if the
wy are not balanced we end up with no (or not enough) line bundles in MW (w)
to generate the phases.

In fact, even with such careful choices, magic windows are not guaranteed to

exist.

Example 4.34. In the Octahedron VGIT (in §5.3) there are 3 (up to inverses)
primitive 1-PS with non-trivial fixed loci — that is, A = (1,0),(0,1) and (1,-1) —
and all have 1y = 2. Imposing the 3 grade restriction rules for these A, we see
that any category of the form MW (w) has at most 3 line bundles in it. But we’ll
see in §5.3 that the phases are all isomorphic to Tot Opiyp1 (1, -1)®2 and so have
rank 4 algebraic Ky-theory. As such, purely on K grounds, there can be no magic

windows.

In the Octahedron VGIT, we’ll see (§7.2) that, although there are no magic

windows, there are in fact fractional magic windows:
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Definition 4.35. Suppose we have picked an SOD of D%(Z)),, = (A*,B*) for
each A\ corresponding to a wall in the secondary fan. Let FW (w,{A* B*)) c
DP([C™/T1]) be the full subcategory generated by imposing fractional grade re-
striction rules (starting at wy) with respect to these SODs for each . We say that
FW (w,{(A*,B*)) is a fractional magic window if this category generates (upon

restriction) the derived category of one of the phases.

Remark 4.36. For both magic and fractional magic windows, generating one of the
phases is equivalent (by Corollary 4.16) to generating all of the phases. Note also
that, if we choose the trivial SOD of D®(Zy)., in the definition of a fractional
magic window, this imposes the usual grade restriction rule. Hence magic windows

are a special class of fractional magic windows.

If we push Example 4.34 a little further, we can construct examples where there

aren’t even any fractional magic windows.
Example 4.37. For n > 2, consider the VGIT with weights Q : Z3" - Z? = L":

/Bla s 7571 = (170)75714—1’ s 7/8271 = (05 1)a/82n+1a me 7ﬁ3n = (_15_1)

We note that the case n = 2 is exactly the Octahedron VGIT. As in the Octahedron,
there are still only 3 interesting 1-PS but now n =n for all these. If we impose the
weight condition in all 3 fractional grade restriction rules, then the number of line
bundles satisfying these grows slower than n? as function of n. But the phases of
this VGIT are isomorphic to Tot Opn-1,pn-1(-1,-1)®" and so have algebraic Kjy-
theory of rank n2. As such, for n sufficiently large, none of these examples can have

fractional magic windows for purely numerical reasons.

Remark 4.38. There is no reason we couldn’t widen the definition of fractional magic
window by imposing fractional grade restriction rules with wider weight conditions
but more orthogonality. However, we shall not need this here so will stick with
Definition 4.35.

We have seen that for a magic window restriction gives an equivalence MW (w) 2
DP(X¢) for any chamber C. Moreover, because of the weight condition, restriction
from MW (w) to any phase factors through Wy (w,) for any X of interest. As such,
we can interpret any window equivalence ¢7, (here the A just keeps track of the
wall) as lifting into MW (w) (instead of Wy (w)) and then restricting to the phase
on the other side of the wall. Therefore we get a commutative diagram of functors,
which is shown schematically in Figure 6, where all arrows denote restriction (and
are equivalences) and A\, Ay € L define the x— and y—-axis respectively.

The reason we are interested in magic windows is that they imply certain rela-
tions between window equivalences coming from different walls. To see this, pick
any starting chamber C'. Then, if we pick a sequence of neighbouring chambers
(separated by walls W; with backward-pointing normals );) ending back at C, the
magic window MW (w) gives the relation []; (bijA =Idps(x.). We call this a magic
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Db(Xc4) — W—)\2(_w2 — M, t 1) - Db(Xcs)

=

W, (Fwy = ma, +1) &— MW (w) Wi, (w1)

e

D*(Xg,) ——— Wi, (w2) ——— D*(X¢,)

FI1GURE 6. Commutative diagram of restrictions from a magic window

window relation. For example, in Figure 6, if C' = C7 and we follow a clockwise
loop, then we get the relation ¢1)I,22 o 311 o (b:?fz_m?“ o q/):i‘}l g+l T IdDb(Xcl).

So a magic window gives a collection of relations, one for each loop of chambers.
It’s often convenient to think about this in terms of the secondary polytope 3 (A)
where such a loop corresponds exactly a loop in the 1-skeleton of X(A). Since
any such element can be factorised (up to changing basepoints) into loops around
the 2-dimensional faces of ¥(A4) and changing basepoints does not introduce any
more relations, we see that a magic window gives precisely one relation for each
2-dimensional face of ¥ (A).

Therefore, if we fix such a face and try to implement relations on it, a magic
window for the whole VGIT (sometimes called a global magic window) is no more
useful than a magic window for the VGIT near that face. This is particularly useful
as the latter might exist even when the former don’t. Nonetheless, as Example 4.34
shows, magic windows for the VGIT on a given 2-dimensional face still do not have

to exist.

Remark 4.39. In a completely analogous way, fractional magic windows give rise

to relations between fractional window equivalences coming from different walls.

5. AT LARGE RADIUS

In this section, we describe certain regions of the FIPS of the Calabi—Yau VGIT
defined by the rays A ¢ N. For these regions we can (at least partially) understand
the topology and this allows us in Proposition 5.20 to write down a representation
on certain paths in such regions, in an analogous way to the 1d case discussed in
§2.1.

The simplest regions are (analytic) open neighbourhoods Vi of the large radius
limits pc — that is, torus fixed points in § — for each chamber C. We call these large
radius regions. In §5.1, we describe how loops « € 71 (V) correspond canonically
to line bundles O(8) on X and hence to a canonical action of 71 (V¢), given by
tensoring with O(}3).

We then move on to curves at large radius — that is, torus invariant curves in
F. If W is the corresponding wall W in the secondary fan (which forms a wall
of two chambers, C; and C5 say), we denote this curve by Z(W) c §. In §5.2,
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we describe an (analytic) open neighbourhood Viy of Z(W) in the FIPS called
the near large radius region associated to W (see Definition 5.6). Vi comes with
a natural fibration structure which will enable us to simplify the description of
1 (Viw,{dc,,qc, }) — the so-called near large radius groupoid.

We then move on to describe a subgroupoid of the near large radius groupoid,
called the large radius groupoid g% (see Definition 5.12) and a presentation which
is analogous to the presentation in §2 of the fundamental groupoid of a 1d FIPS.
By analogy with the 1d case, this allows us in Proposition 5.20 to use window
equivalences (see Definition 4.18) to construct a representation p" of the large
radius groupoid for any wall W. In §5.3, to help the reader, we describe explicitly
all these regions and their topology for the Octahedron VGIT.

5.1. Large radius regions. Recall that, when the FIPS was 1d (see §2.1), toric
loops a near a large radius limit po (for C a chamber of the secondary fan) corre-
sponded canonically to line bundles O(f) on the phase X¢.

To define such loops more generally, fix a chamber C and let U/, ¢ § be the toric
(Zariski) open neighbourhood of pc in §. By applying [20], Ch. 6, Theorem 1.12
to the set of monomials of £ 4 and using Theorem 3.18 to observe that the convex

hull of these monomials is the secondary polytope, we get:

Lemma 5.1. For each chamber C, there is an (analytic) open neighbourhood We
of pc in § which is invariant under the compact torus val inside Trv and avoids
the non-toric parts of the discriminant. Moreover, this neighbourhood is a Tstl_
equivariant deformation retract of Ul and this retract preserves the “real” subset
TR, c Trv. Finally, We is disjoint from Wer for all C' # C.

Restricting Wo to the FIPS, we have:

Definition 5.2. Vi := WonFIPS = W \{Toric part of the discriminant} is called a

large radius region near pc and we define Uc := UL \{Toric part of the discriminant}

So V¢ is an (analytic) open subset of the FIPS whose closure in § contains pe
and such that Vo c Ug is a deformation retract of the toric open subset Ug which
preserves T’ %Rv. Moreover, V¢ is invariant under T stl and is disjoint from Vg for
C'+C.

In the case when all the toric divisors near pc are in the discriminant, Vo is
a punctured polydisk — that is, of the form (D*)* c Trv where k = Rk(L") =
dim(FIPS) — and so m;(Ve) 2 Z* = LY. In other cases, some of the toric divisors
containing pc may not be in the discriminant and/or Vi may have an orbifold
locus. Then m (Vg) 2 7" &G where G is a finite abelian group, k' < k and we

remember that, for us, m; always denotes the orbifold fundamental group(oid).
Definition 5.3. We call a (base)point qo € Vi real if it lies in 77, .

Pick any real basepoint go in V. Because our deformation retract Vo c Ug

preserves the real locus, Vo n'T’ %QV cUcn Tlﬂfv = %Qv = R’jo is a deformation retract
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and hence Vo n T%{V is contractible. As such, there is a canonical homotopy class of
paths between any two real basepoints in Vi and so m1(Ve, ¢¢) is independent of

the choice of go. Hence we can state:
Lemma 5.4. There is a canonical isomorphism between Pic(X¢c) and 711 (Ve, qo)

Remark 5.5. The proof will show that 71 (Ve, qc) is generated by 7T1(TEVI e, qc)-
As such, we refer to elements of 71(Ve, q¢) as toric loops. Since mq (val.qc7 qc) =

LY, we denote the toric loop at C' corresponding to 8 € LY by ag.

Proof. Recall that the general theory of toric linear VGIT tells us that Pic(X¢)
LY/{(B; | i € T) where I c {1,...,n} indexes those e; € Z" for which {a; = 0} is
contained in the unstable locus for X. By the Hilbert-Mumford criterion, this
condition on i equates to weights (3; for which there is a A € L such that C' meets
the half-space Hy = {(—,A) > 0} c L and B; is the only weight for which (3;, A} > 0.

On the other hand, as Vo c Ug is a deformation retract preserving the real
locus, m1 (Ve,qc) 2 m1(Uc, qi) = m1(Uc,e) where g, € U is some real basepoint.
The (orbifold) topology of toric varieties (see [14], Theorem 12.1.10) tells us that
m1(Uc,e) = LY[(B(e}) | j € J) where J indexes the rays of the secondary fan in the
maximal cone C' whose associated toric divisors are not in the discriminant and 3
is the map with the same name from the stacky secondary fan (see §3.4). By the
discussion immediately following Definition 3.11, j € J indexes rays in the secondary
fan with a single weight 3; on them such that the ray w; € N is not a vertex of A.
By Remark 3.36, S(e}) = B; for such j and so m1(Vo,qc) 2 LY /(B; | j € J).

We claim that 71 (Ve, qo) 2 Pic(X¢) canonically. Since the equivalences above
are canonical, we need only show that I = .J. To see this, take 3; € C such that w;
is not a vertex. Thus there is an integral relation a;w; = ¥, ajw; with a; > 0 for
all j and @; > 0. This means that there is A € L such that (5;,A) = —a; < 0 for all
j #i and (B;, ) = a; > 0. Moreover, as 3; € C and ($3;,\) = a; > 0, we see that C
meets Hy.

Conversely, for any A € L, we get the relation 3 ;(5;, \)w; = 0 — that is, (8;, A\)w; =
Djsi —(B;, \)w;. If B; € I, this means that w; can be written as a positive combi-
nation of some of the other rays (distinct from w;) since we assume the w; € N
generate distinct rays. Hence w; is not a vertex. Moreover, as C' meets H ) and all
other weights 3; have (3;,A) <0, 8; € C. O

5.2. Near large radius regions. Now we move on to describing the near large
radius region Vi near the toric curve Z(W). It may be helpful to refer to the
worked example in §5.3 whilst reading this section.

For each wall W in the secondary fan, label the two neighbouring chambers C}
and Cy. Let A = A¢,,c, € L be the primitive normal to W pointing towards Cj.
Pick an element Sy € LY with A-weight —1. The idea is that the orbit under the
1-PS corresponding to By of a point sufficiently close to Z(W) will be where our
push-off lies. The condition on By ensures that this orbit maps isomorphically (as
opposed to being a finite cover) onto the rank 1 torus inside Z(W).
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We can describe this torically as follows. Quotienting by Sw projects W c Ly
onto a full-dimensional cone W c (LY/Bw )g. This induces a toric map 7’ : Uy - B’
where Uy is the toric open subset of § with fan W c Ly and B’ is the affine toric
variety associate to the cone W c (LY/Bw )r. Note that B’ has a unique torus fixed
point 0 corresponding to the maximal cone W. The fibres of 7’ are exactly the
orbits of By and the fibre over 0 is exactly Z(W) n Uw .

We now restrict 7’ to the FIPS so that the fibres become Sy -orbits punctured
at points of the discriminant (marked with crosses in Figure 7 (L)). As b tends to
0, the By-orbit 7/~1(b) breaks into several large radius curves Z(W’) (including
Z(W)) and each of the points of the discriminant in 7/~*(b) tends to one of the
points py of the discriminant in Z(W'). Therefore for b sufficiently small, the
points of the discriminant in 7'~!(b) are naturally partitioned according to their
limit point. For example, all the points in the grey region in Figure 7 (L) might
limit to pyw .

As we are interested in only Z (W), we want to focus on a subset of Uy, which
limits just to Z(W). If we let Ly, := LY/(W n L"), we note that the torus in
Z (W) can be described as TL‘V,V~ Writing C* 2 R, xS1 in polar coordinates gives
a canonical identification (as groups) Ty = T &V x Tf‘;} where TF := L ® R,
and Tf "= L®S'. To define our subset, pick a cylinder E (with boundary) in
Try, © Z(W) of the form [a1,as] x S' (where a1,as € R are sufficiently small
and large respectively) under this identification. We define our subset Uy}, ¢ Uw
to be those points in Uy, which limit to a point in E under any 1-PS § € LY in the
relative interior of W .

Then 7’|y, - has fibres which are cylinders (with boundary). However 7'|y; rrps
is not a fibration over its image — this is because points of the discriminant in the
fibres can either collide or go outside Ujy,. If we let B° := n'(Uy, n FIPS) c B’ be
the image, then B° just consists of the complement in B’ of the toric divisors in B’
whose pre-image in Uj;, is part of the discriminant. Then there is a critical locus
Z c B° of codimension at least 1 over which 7’ |U‘//VOFIPS is not a fibration.

Then if we take B ¢ B° to be a small (analytic) open neighbourhood of 0, we
define Vi to be the open subset of the FIPS given by U{,, n 7'~ (B) nFIPS. As
such, Vi contains exactly the local structure of the FIPS near py,. Note that B
should be small enough such that any point in the discriminant in U, n7'~(B)

limits to py and no fibres of n’ are contained in the discriminant.

Definition 5.6. We call Vi a near large radius region of the FIPS associated to
the wall W.

We note that Vi comes with a map 7 : Viyy > B (given by restricting 7’ to Viy)
which is necessarily surjective. Moreover, Vi contains E\{pw } precisely when

Z (W) is not part of the discriminant.

Remark 5.7. In §6, when the FIPS is 2d, we’ll want to take B small enough such

that 7 is also a fibration. This is not generally possible in higher dimensions.
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FIGURE 7. A fibre 7/71(b) (a Bw-orbit) with the region 77(b)
shaded (L) and some large radius paths in 771(b) (R)

Definition 5.8. For a wall W in the secondary fan, we define my, to be the in-
tersection multiplicity of the non-toric components of the discriminant with Z(W).
Similarly, we define mp  to be the intersection multiplicity of Z(W) with the
component Vr of the discriminant corresponding to the face I' ¢ A (see Remark
3.7).

The fibres 771(b) for b € B\Z are cylinders (with boundary) in 7'~!(b) missing
exactly myy points (see Figure 7). If we pick a basepoint b € B\Z, the fibre 7~ *(b)
plays the role of the push-off of Z(W) for us.

Definition 5.9. If we pick 2 real basepoints p; and py on the boundary of 771(b)
as shown in Figure 7 (L) (so that C; corresponds to p;), we refer to m (Viy, {p1,p2})

as the near large radius groupoid.

Now we move on to simplifying the description of the near large radius groupoid.
This arises from a fibration structure on Viy. By definition of Z, 7| -1(p\z) is
a fibration. Moreover, this fibration has two natural sections defined as follows.
Recall that we have the co-rank 1 torus Trvaw c Trv and so taking the Trvaw-
orbit of p; defines a section s; of 7’ in Uy, over B’. Restricting these to Vi gives
two sections s1, so of m over B since we do not delete any points of these orbits when
we form Vi for B sufficiently small. This follows from the fact that the non-toric

parts of the discriminant do not meet the large radius regions V¢, or Vg,.

Remark 5.10. By construction of the sections, toric loops in B (corresponding
to elements of 71 (Tpvs,, ) = LY/Bw) lift to toric loops in Trv (corresponding to
elements in m(Trv) = LY) via the splitting LY = (Bw) ® LY n (W). We write
B =npPw + B’ under this equivalence, where 8’ € LY has A¢, ¢,-weight 0.

Since 7|-1(p\z) is a (locally trivial) fibration with sections, 1 (7' (B\Z), {p1,p2})

can be understood in terms of monodromy on 7y (77 (b), {p1,p2}).

Remark 5.11. Later in §7.1, we will need a more general statement about the
description of fundamental groupoids in terms of monodromy. As such, we defer
precise definitions and results to there. For now, we just need that, in this setting,
there is a way to define an action (which we call monodromy) of w1 (B\Z,b) on

71 (77 1(b), {p1,p2}). Then Theorem 7.3 tells us that, since our sections s; extend
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over all of B, w1 (Viy, {p1,p2}) is generated by 7 (7=*(b), {p1,p2}) and the sections
(81)«(m (B, b)) for i = 1,2 subject only to relations coming from monodromy around
loops in B\Z.

However, even with this description to hand, in general 71 (Viy, {p1,p2}) is still
hard to understand as the monodromy of the points of the discriminant in 7~*(b)
can be quite complicated. However, as mentioned in §2, for a 2d FIPS Z is actually
empty. We’'ll explore this situation in §6.

In the general case, we now identify a subgroupoid — the large radius groupoid
G — of T (Viy, {p1,p2}) and a presentation for this subgroupoid which plays the
analogue of the presentation for the FIPS in §2.1. For this, we observe that E\{pw }
is homotopy equivalent to 771 (b)\D where D is a disk in 771 (b) punctured at all the
points of the (non-toric) discriminant (see Figure 7 (R)). As such, the large radius
paths «; /v in Z(W) (see Figure 1) can be “pushed-off” using this identification to
give large radius paths in the FIPS (in fact, in 77*(b)) as shown in blue in Figure
7 (R).

As we vary b € B\Z, the points of the discriminant in 7~!(b) undergo monodromy.
But because B is sufficiently small and all these points limit to the single point py,
we can assume that these points always lie in D over any b € B. As such, our large
radius paths in 771(b) are invariant under all possible monodromies in B\Z. Then
the subgroupoid of 71 (Viy, {p1,p2}) generated by the large radius paths in 7~ *(b)
and the sections is actually just the product 7 (7 1(b)\D, {p1,p2}) x m1(B,b).

Definition 5.12. We call G}, = 71 (7 (b)\D, {p1,p2}) x 71(B,b) the large ra-
dius groupoid near the curve Z(W). It is naturally a subgroupoid of the near

large radius groupoid associated to W and hence comes with a natural map to
71 (FIPS, {p1,p2}).

Remark 5.13. When the FIPS is 1-dimensional, this map G} - m1 (FIPS, {p1,p2})
is always surjective and often an equivalence — we just have to add in the possible
orbifold structure at the large radius limits in general. When the FIPS is higher-
dimensional, this map is hardly ever surjective. This is because 71 (Vi) for a single
wall W rarely generates m1 (FIPS) and, even if it does, in general not every path in

m1(Vi) is a large radius path.

Remark 5.14. It’s useful to have an explicit presentation of this groupoid in terms
of toric loops and the paths . For this, we note that m (771 (b)\D, {p1,p2}) is the
free groupoid generated by the large radius paths ay,as and 7 in Figure 7 (R).
By Remark 5.10, the toric loops in B (corresponding to 3" € LY n(W)) lift under
s; to toric loops in Trv based at p; which we’ll denote by ozg; (c.f. Remark 5.5).
Here we use the letter a because, as a toric loop, it plays an analogous role to «
in Z(W) (see Figure 1). Similarly we relabel «; as ag‘:" because this is exactly the
toric loop based at p; in the fibre 77(b), which is a subset of a By-orbit. Finally
we relabel v as 7%1702, the reason being that this extra integer superscript fixes the

representation on « in §5.4 (see Remark 5.21).
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Then g% can be presented as the groupoid on p; and ps which is generated by
agi (for : = 1,2 and all § € LY where we use the splitting from Remark 5.10) and
'Y?Jl,cg subject to the relations:

(1) The map LY - (G¥%)p,, B~ agi is a group homomorphism for i = 1, 2.
(2) If B € LY n W corresponds to a toric divisor in § which meets the FIPS

oz'gi =efori=1,2.

(3) 7&,.c, commutes with ag’i for " € LY n(W).
By the correspondence in §5.1 between toric loops and the Picard group, the rela-
tions in (1) and (2) are a subset of the relations in Pic(X¢,) for i = 1,2. Typically
they are in fact a strict subset because in g% we do not impose the relations com-
ing from the toric divisors in the regions V¢, near p; which lie in the FIPS but do

not contain Z(W).

Remark 5.15. Of course, there are many presentations of g%. Another more
symmetric one is given by adding a path in 771(b)\D from p; to p, which is the
analogue of 4’ in Figure 7 (R). We denote the corresponding path by 'yéhcz. Then
g{‘j% can be presented with this additional generator as subject to all the relations

in Remark 5.14 plus the additional relation:

1 _ Bw -1 0 Bw
You,0. = (an ) °%cy,0. ° Qe

For an even more symmetric presentation, we could pick ’78‘1,02 and 752?01 =
('yél 02)_1 as our non-toric generators, where A = A¢, c,. Then in addition to all

the relations in Remark 5.14 we have the additional relation:

- Bw -1 0 Bw _
e, ° (a02 ) °vcy,0, °Qc, =€

Remark 5.16. Having understood the large radius groupoid for a particular wall-
crossing, it is natural to try to glue together these groupoids for nearby wall-
crossings. Specifically suppose we have two walls Wi and Wj such that Vi, and
Viv, meet in the large radius region V. Suppose we pick our basepoints p!,p for
wall-crossing W; to be real and positive — that is, lie within T%Qv — and suppose p}
and p? both correspond to the chamber C. Then there is a canonical homotopy
class of paths connecting pj and p? in Vi, given by any real positive path in V¢
which connects these two points. As such, there is a canonical way to identify these
two basepoints in QZ‘;}C and QZ‘;% respectively and hence glue them together as a
groupoid with 3 basepoints. Similarly we could continue and glue together all such
large radius groupoids into one big large radius groupoid Grr with one basepoint
for each chamber of the secondary fan. As each of the large radius groupoids comes

with a map to 71 (FIPS), Gz comes with such a map too.

Remark 5.17. When the FIPS is more than 2-dimensional (the case we care about
is the Triangle VGIT in §9), it will be useful to note that we can generalise this

construction of push-offs of toric curves in § to push-offs of higher-dimensional toric
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subvarieties in §. In particular, let S be the generator of a ray in the secondary
fan, corresponding to a toric divisor D in §, which we want to push-off into the
FIPS. Then, instead of the 1-PS By, to define a fibration structure we now need
to pick a co-rank 1 sublattice Lg c L". Equivalently, the fibration can be specified
by the primitive normal Ag € L to L. We require that (8, A\g) = 1 so that the fibres
project isomorphically onto the torus T7v,g inside D.

Then the fibration is the toric map 7’ : Ug - B’ induced by quotienting by
Lg where the base B’ is a 1-dimensional affine toric variety with a unique torus
fixed point 0 € B” and the fibres are orbits of the corresponding co-rank 1 subtorus
TL% c Trv. As before, the push-off will lie in such a fibre sufficiently close to D.

Pick a closed subset E c Trv,g in the open torus in D which is defined by
inequalities (above we chose a1 < |X|< as where X was a toric coordinate on Ty )
and such that F minus the discriminant is a deformation retract of D minus the
discriminant. Then we consider the subset U, é c Ug of points which limit under the
1-PS 3 to E. So the fibres of 7T’|Ué retain only what happens in 7’ near D.

Restricting to the FIPS and shrinking B’ to a small (possibly punctured or
orbifold) disk B, we end up with a near large radius region of the FIPS near D,
which we denote Vg c FIPS. This comes with a surjective map 7 : V3 — B. In fact,
as we’ll see in §6.1, the locus Z over which 7 fails to be a fibration is codimension
1, so we can assume that Z = @ and hence 7 is a fibration over B.

Pick basepoints p; in the fibre 771(b) over b € B in some (or all) of the large
radius regions Vi, near D. As before, these give rise to sections of m over B such
that the canonical generating loop « in B (corresponding to 8 € LY/ LZ,) lifts to the
toric loop agi em(TLv,p;). Then, as in Remark 5.11, it follows that 71 (V3, {p;}) is
generated by the fibre w1 (771 (b), {p;}) and sections (s;).(71(B,b)) = (agi) subject

to the relations coming from monodromy around ~.

5.3. The Octahedron VGIT. As there was a lot of notation in the preceding
discussion, to clarify things we now describe a simple example. This example is
called the Octahedron VGIT and it has a 2-dimensional FIPS. Our aim is ultimately
to show (see Theorem 7.16) that we can construct a representation of 71 (FIPS) on
the phases but, for now, we content ourselves with understanding the preceding
topology.

We start with the toric data. The Octahedron VGIT has weight matrix Q : Z° —

7? given by:
1 1.0 0 -1 -1
Q_(o 01 1 -1 —1)
Thus LY has rank 2 and one checks that there are 3 chambers whose unstable loci
are indicated in Figure 8 (L). We label the walls and chambers as indicated in the
figure.

We note that ey, ey and e? are primitive integral defining functions (see Definition

3.26) for the 3 subdivisions corresponding to the 3 walls of the secondary fan. As
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C13 w1

FI1GURE 8. The secondary fan for the Octahedron VGIT with the
unstable loci for the phases (L) and the octahedron A (R)

such, the stacky secondary fan (see §3.4) has 3 rays:
5(6\1/) = (_17_1)7ﬁ(6\2/) = (170)7ﬁ(6§) = (07 ]-)

It follows that the secondary stack § is P? with coordinates [z,y, z].
One checks that the ray map A: 75 - Z* can be described as:

1 00 1 10
1 1 1
e 0 0 0
-11.0 0 0 O
1 11111

and so A, living in the height 1 slice x4 = 1, is the octahedron shown in Figure 8
(R). As such, the phases are 4-dimensional toric Calabi-Yaus and, from thinking

about the weights, are all globally isomorphic to Tot Opiyp1 (~1,-1)®2.

Remark 5.18. From a different perspective, this VGIT arises as the representations

(with dimension (1,1,1)) of the following quiver:

We now move on to the discriminant. As all the rays w; are vertices, the whole
toric boundary is part of the discriminant. As all the edges and facets of the
octahedron A are simplices, we only have one other component of the discriminant,
namely the principal component V,,. If we embed Trv ¢ § = P? using the first and

third coordinates of P2, Horn uniformisation (see (4) in §3.6) describes V,, as the
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image of the map (which for dimension reasons is a morphism here):
P! - P?
[ 2] = [AT, (A +20)?, A2

and hence V,, is a smooth conic. Thus V,, intersects each torus invariant curve
Z(W;) in a single point with multiplicity 2 and so we conclude that my, = 2.

Now we would like to understand the large radius groupoid associated to a
wall. Let’s choose the wall Wy from Figure 8 (L). Then Z(W3) = {x = 0} and
Uw, = P?\{y = 0} u {2z = 0} (see Figure 9 (L)). Then Ac, c; = (0,1) and we can
choose Bw, = (-1,-1). With these choices, the paths pushed off from Z(W5) will
live in a By,-orbit, also known as a line {x = bz} c Uy, for some b€ C.

Explicitly following the construction, we consider the quotient map:
ZQ - Z2 /ﬂw2 = Z7 (2617:172) = X1 — T

Then the affine toric variety B’ corresponding to Wa/Bw, is C with coordinate b,
whose unique torus fixed point 0 = {b = 0}. The map 7" : Uy, — C can be described
as [z,y,z] ~ /2. Moreover, the fibre over 0 is exactly Z(W3) n Upy,.

Now we need to understand what happens when we restrict to the FIPS. From
Horn uniformisation, we can compute that {x = bz} meets V,, at the 2 points
[b, (1 ++/b)%,1]. We can see that, as b — 0, these two points converge on the point
pw, = [0,1,1] in Z(W2). We pick the cylinder E = {[y, 2] | a1|y| < |2| < azly|} in
Z(W3) for aj,as € Ryg with a; <1 and ag > 1. Then U{,V2 is those points in Uy,
which limit to F as ¢ — 0 under the 1-PS of Tpv corresponding to (1,0) € LY,
namely ¢ = [t,1,1]. Thus Uy, = {[z,y,2] | a1ly| < |2] < aslyl,y # 0,2 # 0} (see
Figure 9 (L)).

However 7T,|U(}V20FIPS is not a fibration over its image. We first note that its
image B° = n'(Uy, n FIPS) = B'\{b = 0} as Z(W>) is part of the discriminant.
Then we observe that, as b — 1, one of the points of V,, tends to [1,0,1] which is
not in Uy, . As such, 7" is not a fibration at b = 1 and so {b = 1} ¢ Z. However,
so long as a; < |1+ Vb2 < ay for both square-roots, we get a fibration on Uy, -
As such, if we take B ¢ B° to be a disk punctured at the origin satisfying this
condition, then 7 will be a fibration over B as in Remark 5.7. Hence we end up
with the near large radius region Viy, = Ujy, n7'~'(B) nFIPS (see Figure 9 (L)).

If we take our basepoint b = {b = ¢} with € € R, small enough for b to be in B,
then 771(b) is a cylinder punctured in my, = 2 points. Choosing p; = [, 1/a;,1]
in 77!(¢€), we get sections s;(b) = [b,1/a;,1] over all of B. With these sections,
the toric loop 7 : t = ee?™ € B at b lifts to the toric loop (denoted oz(cli’o)) in Trv
corresponding to the 1-PS (1,0).

From here, we can now describe the large radius groupoid for W5. Namely, as B
is a punctured disk with no critical locus Z inside it, we can identify 71 (B,b) with

Z using v and this is the only path in B\Z with interesting monodromy.
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FIGURE 9. Images of regions Uy, (everything except the dashed
lines), Uyy, (light grey), Viy, (dark grey) and «~'(b) under the
moment map for § = P? (L) and generators for QZ‘% (R)

Remark 5.19. In fact, the monodromy around 7 just permutes the two points of
the discriminant, as shown in Figure 18 (L), but we will not need this here. We
note that it indeed leaves all the paths in 771 (b)\D alone.

Since we have a fibration of curves over a punctured disk, standard topology

tells us that gz‘;; is generated by a(cli’o), Oz(C_il’_l) (for i=1,3) and ’7001,03 subject to

(1,0) (-1,-1)
C

o, commuting with o, and 7%1’03 (here (2) in Remark 5.14 is vacuous as

we have deleted all the boundary). These generators are shown in Figure 9 (R).

5.4. Representation on large radius paths. Having pushed our paths in Z(WW)
off into the FIPS, we now want to assign derived equivalences to these paths in anal-
ogy with the case of a 1d FIPS in §2. Recall that for a 1d FIPS, toric loops « gave
us line bundles O(8) and hence the auto-equivalence ® 0(3) : D*(X¢) — D*(X().
Moreover, paths of the form v gave window equivalences between neighbouring
phases.

Here, using the presentation of Q‘L/VR from Remark 5.14, exactly the same ideas

give us:

Proposition 5.20. For any wall W in the secondary fan, pW(ag) =®0(pB) (using
the correspondence in Lemma 5.4) and p*V (72‘1702) =¢o: D*(X¢,) - D¥(Xc,) (see
Definition 4.18) describes a functor p*V : GI'y — Caty such that p(qc,) = D*(Xc,).

Remark 5.21. We see here that there is an ambiguity in defining pW(fygh%) -
we could have chosen ¢, for any w € Z. Throughout, we fix this ambiguity by
labelling all of the large radius paths with a superscript integer which specifies the
corresponding window. As such, a large radius path labelled 751,02 will always

correspond under p" to ¢.

Proof. All the relations in G}, hold tautologically.
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By Remark 5.14, we know relations (1) and (2) are just a subset of the relations
in the Picard group. Lemma 5.4 tells us that the Picard group acts and so these
relations hold.

For (3), we need to show that the window equivalence ¢g commutes with tensor-
ing by O(B') for B’ € LY n (W) — that is, for F € D*(X¢,), ¢o(F)(B") = po(F(B")).
Recall that, by definition, ¢o(F') is the restriction to X¢, of an element Fe W (0)
such that F' |xo, = F. By Corollary 4.16, such an F'is unique (up to isomorphism).

Then F(B') € Wx(0) too since 3’ has A-weight 0 (see Remark 5.10). Moreover
F(B')\Xcl = F(B'). So F(p') is a lift to Wy (0) of F(B') and so, by uniqueness,
is the lift used in the definition of ¢g. So ¢o(F'(8")) = F'(8')xc, = do(F)(B’) as
claimed.

U

Remark 5.22. If we use the first alternative presentation from Remark 5.15, then
we can define pW(véhCz) =¢1: D"(X¢,) - D*(X¢,). We then need to check one
additional relation which says that, for F' € D*(X¢,), ¢1(F(=Bw)) = ¢o(F)(~Bw)
where Sy has A-weight —1. This is pretty much the same as checking (3) above
except that, because By has A-weight -1, F(-By ) € Wi (1) and so ¢1(F(-Bw)) =
F(=Bi)Ix, = do(F)(~Bw)-

If we use the second presentation in Remark 5.15, we can define pW('yachl) =
¢y, : D°(Xc,) = D°(Xc,). We need then to check one additional relation. Using
the relation we just checked, this can be simplified to ¢_,, = (¢1)'. This holds
since Wy-1 (=) = Wa(1).

Example 5.23. We analyse what this representation looks like as we cross the
wall Wy in the Octahedron VGIT from §5.3. In this case, Pic(X¢) = LY = Z? for
all phases, where we label the line bundle Ox,(a,b) accordingly. So a(cﬁz’b) just
acts by ® Ox (a,b). As a word of warning, we know that all phases are isomorphic
to Tot Op1,p1(-1,-1)®2. However Ox,.(a,b) does not agree in general (though it
does for X¢,) with the pullback of Opi,pi(a,bd) to the total space of this rank 2
vector bundle. This is because flops act non-trivially on divisors.

Now the large radius path 7%1703 acts by the window equivalence ¢q, which
involves lifting into the window W (0) where A := A¢, ¢, = (0,1). To understand
this category, recall from Figure 8 (L), that in forming the phases for C; and Cj
we delete the stratum {x1 = x5 = 0} from both and then there is one other unstable
stratum that switches from {x3 = x4 = 0} in C; to {a5 = 26 = 0} in C5. Therefore
the phase on the wall X3 = [C°\{z; = x5 = 0}/(C*)?] and, recalling that 7 = 2
for all walls, Wy (0) ¢ D*(X) is defined by having A-weights in [0,1]. From the
geometric description of X¢, as Tot Opiyp1 (~1,-1)®2 it follows that D*(X¢,) is
generated by the 4 line bundles:

Oxe,» O(1,0)x0, , Oxe. (0,1),0x,, (1,1)



As these all have A\-weight in [0, 1], these lift to W, (0) trivially. As such, ¢y can be
described as sending Ox,, (a,b) = Ox,, (a,b) for these 4 values of (a,b). However,
for other values of (a,b), ¢o will do something non-trivial.

We now interpret this action geometrically using Remark 4.19 which says that
the window shift ¥y = ¢5' o ¢1 on D?(X¢,) is the twist about an explicit spherical
functor F. To do this, we observe that Z§ = Z'* n Xg = {23 = 24 = 25 = 26 =
0} n Xg =P}, ,, (where we recall that the prime means that we forget the trivial
A-action). Geometrically we interpret this by saying that, as we move from C; to
Wa, Pil,x2 X IE"‘}%I4 in X¢, collapses along the first ruling to Z5. Similarly as we go

from Wy to Cs, Z} expands to become P} x P! in Xc,.

T1,T2 T5,T6
Then F' = i*oiy: Db(]P’ith) - D®(X¢,) is our spherical functor and F(Op1 (n))
i+Opipr (n,0) where i : P}, xPL  c Xg, is the inclusion. As such, the image of

F is concentrated on the collapsing locus in X¢, and so the twist modifies objects

in D*(X¢,) only along this locus.

Remark 5.24. We have seen in Remark 5.16 that we can canonically glue together
the large radius groupoids for different walls along the large radius regions Vo near
torus fixed points to get the large radius groupoid Gy r. Moreover, since the action
of 71 (V) by tensoring with line bundles is canonical (see §5.1), p"V respects this
gluing and so we get a representation p on Gy .

However this representation is not particularly useful in its own right. Firstly
(see Remark 5.13) paths in Gpr need not generate 71 (FIPS). We’ll show how to
get around this issue for a 2d FIPS in §6. Also, in some cases of interest, Grr
does generate 71 (FIPS). For example, in the quasi-symmetric case treated in §8
the discriminant is a (log)-hyperplane arrangement and this holds.

However, even if G r does generate, the bigger issue is that the representation
p" is not canonical (see Remark 5.21). As such, when we start gluing these to-
gether, the representation becomes even less canonical. If we want to extend the
representation of this groupoid to the whole of 7 (FIPS) (in the case when Grr
generates) we need to prove that the extra relations coming from the “interior” of
the FIPS hold. But if we have made arbitrary choices of windows on different walls,
then the composition of such functors is not going to admit a simple description.
As such, there seems little use to this abstract gluing. Instead, when we come to
construct such representations, we will need to choose a collection of paths and
functors for these different walls which gives a simple description of the relations

from the interior of the FIPS and the corresponding functors.

6. NEAR LARGE RADIUS IN A 2D FIPS

In this section, we shall upgrade our action p"' on G} (see Proposition 5.20) to
the full action of the near large radius groupoid in the case when we are crossing
a wall W in a 2-dimensional FIPS. Recall from Remark 3.36 that, in this case, the
stacky structure on § is simple — that is, 8 from §3.4 is just given by the weights

Q. To define our action, we shall need to define additional equivalences between
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two neighbouring phases corresponding to the additional paths in 7 (Viy, {p1,p2})
which are not large radius paths — that is, not pushed off from the curve Z(W) c §
at large radius as described in §5.2. These equivalences will come from fractional
windows (see Definition 4.24). Moreover, we need to check that the appropriate

monodromy relations hold for these paths.

6.1. Near large radius monodromy. Recall from §5.2 that a choice of By € LY
allows us to define the near large radius region Vjy. This space comes with a
map 7 : Vi — B which is a fibration away from a locus Z c B of codimension
at least 1. The fibres 7~1(b) are cylinders in a Sy-orbit in T7v which have been
punctured at the my, points of the discriminant in 7~!(b). We also saw that,
if we picked 2 basepoints pi, p2 on 7 (b), we could define 2 sections s; over B
and 71 (Viy, {p1,p2}) is then generated by mi(771(b),{p1,p2}) and the sections
(83)«(m1(B,b)) for i = 1,2 subject only to relations coming from monodromy in
B\Z.

When the FIPS is 2-dimensional, B is a (possibly punctured or orbifold) disk
which we can assume is small enough to miss any of the 0-dimensional locus Z. As
such, we can assume Z = @ in this case and so we only have to impose monodromy
relations coming from monodromy in B. As B is a (possibly punctured or orbifold)
disk, m(B,b) is generated by a single loop and so there is a single monodromy

relation.

Remark 6.1. This is exactly what we saw in the Octahedron VGIT which we con-
sidered in §5.3.

In fact, the definition of B in §5.2 shows that 71 (B,b) is naturally a quotient
of LY/Bw. As this lattice has a natural generator given by the primitive generator
uw of the ray of the secondary fan associated to W, so does 1 (B,b). We give the

monodromy with respect to this natural generating loop a name:

Definition 6.2. We define the local monodromy m € Aut(w (7~ 1(b), {p1,p2})) to
be the monodromy action on 7~1(b) associated to this generating loop in the base

and sections s; and ss.

We now want to know what m looks like — this is Lemma 6.5. This will then
allow us to construct our new action in §6.2. We begin by calculating the intersec-
tion multiplicity ma,w of V,, with Z(W) (see Definition 5.8) explicitly from the
combinatorial data. First, we observe that in dimension 2, the choice of By speci-
fies a natural set of coordinates on Uy,. Namely, there is a toric coordinate coming
from B (which has a natural toric coordinate coming from the natural generator of
LY/Bw) and a toric coordinate coming from the natural generator Sy of LY /uw,
where uyy is the primitive generator of W. When we draw pictures of monodromy

such as Figure 10 we shall use the second toric coordinate above.

Lemma 6.3. We may assume that our wall W is generated by e; € LY = Z* and
that Bw = (0,1). Then ma w = max(¥;3,¢w) B1,0)



Proof. Take the toric open set Uy, in § associated to the ray generated by e;. This
has coordinates (z1,22) € CxC* and Z(W) = {z; = 0}. Horn uniformisation for

Vpr (see (4) in §3.6) is a morphism P! — §, which in these coordinates reads:

A2l e (C ] ﬂilﬁ}))\lziwﬁw)ﬁ} I1 (BilAl‘FﬂiQ)\Q)ﬁ}a [T Bix +5¢2/\2)Bi2)

Bie(W) Big(W) Big(W)
Since the z2 coordinate must lie in C* at the intersection of Z(W') with V,,., only
weights lying on (W) contribute to the intersection. As such, there is at most one
intersection point [0, 1] and this contributes (with multiplicity ma,w = ¥ 5,ewy ;)
precisely when 335 () Bl >0. O

In dimension 2, the interaction of the components of the discriminant is also very
restricted. Recall (see §3.1) that components of the discriminant (possibly empty)
are indexed by minimal faces I' ¢ A. Dually (see Lemma 3.47) they are indexed
by proper subspaces in Ly with a positive relation, noting that, in dimension 2,
these subspaces are automatically spanned by the weights on them. If W is such a

subspace, we label the corresponding component Vyy .

Lemma 6.4. At most two components of the discriminant, namely Vp, (when
ma,w >0) and Vw (when (W) has a positive relation), meet Z(W). In fact, there

are 3 possibilities:

‘ Z (W) meets Vp,

Z(W) meets Vi ‘ mw

Case 1 v v ma,w +1
Case 2 v X ma,w
Case 3 X v 1

Proof. The first part is a special case of Lemma 10.16, noting that the only sub-
spaces of a 2d vector space of the form (L[)f are 0 and lines ¢ for which there is
a positive relation among the weights on £. Moreover, such £ = (W) are necessarily
circuits as they are codimension 1. If we call the corresponding face I', Proposition
10.17 gives that mp w =1 for either wall W on £.

As the walls of the secondary fan are the tropicalisation of the non-toric dis-
criminant, some component of the non-toric discriminant must hit the curve Z(W)
(This follows from [20], Ch. 6, Theorem 1.12b and Ch. 10, Theorem 1.4a). This
leaves only the 3 possibilities in the table. O

As such, the fibre 771(b) contains myy points of the discriminant and at most
one of these is from a non-principal component of the discriminant — such a point

exists in Cases 1 and 3.

Lemma 6.5. The local monodromy can be put into the following forms:
Case 1: Monodromy fizes the point of Vw in 71 (b) and cycles the points of
Vpr around the point of Vw as in Figure 10 (L) .
Case 2: Monodromy cycles the points of V. in 7 *(b) as in Figure 10 (R).
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FIGURE 10. Standard forms for the local monodromy (dashed
line) in Case 1 (L) and Case 2 (R)

Case 3: Monodromy is trivial. This is the large radius description from §5.

Proof. We have already observed in §5.2 that the monodromy is concentrated in
the disk D in 7~*(b). Write Horn uniformisation as in Lemma 6.3, using the affine
coordinate A = A\;/\o on P! :

Hide(CTT 87)amaw TT (sta+ i)™, T1 (sia+ ™)

Bie(W) Big(W) Big(W)
One checks that the intersection point py = (0, py;,) has a unique pre-image (namely
A =0) in P! where pf;, = [ g,¢(w) ﬂfﬁ?.
Since we have written H with respect to the same coordinates on Uy, which we
used in the construction of Vi, we have that the projection 7’ is just projection

2mit in the base

onto the first coordinate. As such, as we go round a loop 7(t) = e
B, the A-coordinate of a point in V,, roughly follows ¢t — Ae?>mitmaw  Ag the
natural coordinate coming from Sy = (0,1) is 9, we want to picture monodromy
in terms of . So expanding the zo-coordinate of H near pyy in terms of A, we see
that it equals —pj,ma wA plus higher order terms in A (which, since ma,w # 0,
play no role). Therefore (up to homotopy) the monodromy is as shown in Figure
10 (R) for Case 2. In Case 1, we just observe additionally that the xo-coordinate
of Vi = {x2 =pf; } is fixed and so the points in V,, just cycle around the point in

Vw. This gives the monodromy in Figure 10 (L) for Case 1. O

Remark 6.6. From the explicit form of H in the proof, it’s easy to see that, although
Vpr is singular in general, if vV, meets Z(W) (at pw say), Vp, is smooth at pyy .
To see this, we compute that the derivative at A = 0is (0, -ma wpy ) for ma w >

1 1
1 and (Hﬁie(w) Bilﬂi [g,¢0w) ﬁfﬂi , =Py ) for ma w =1, where we use that —-ma w =



0
VCy,co

FIGURE 11. Free generators for my (771(b), {p1,p2}) in Case 1 (L)
and Case 2 (R) with an additional path " marked and n =ma w

Y8 (W) B} from the Calabi-Yau condition. As the proof shows H is injective near
Pw, Vpr is smooth at py as claimed.

In fact, this gives another way to prove the lemma in Case 2 by noting that,
at the smooth point pw of V,,, Taylor’s theorem gives a standard form for the
intersection of V,, with Z(W).

Finally, having described an explicit standard form for our monodromy, we label
the point of Vy in Figure 10 by 0 (in case 1) and the points of V,, by increas-
ing integers from 1 up to ma,w going from bottom to top. Then we pick the
paths ng,cz and ag‘:‘/ shown in blue in Figure 11, which are free generators for
7 (71 (b), {p1,p2}). Note that 72:10702 is exactly our large radius path '72*1,02 from
§5, so the near large radius paths correspond to i > 1. Again the notation ng,cg
is supposed to also (partially) specify the representation on this path (see Remark

6.10).

Remark 6.7. As there are many ways to identify a given fibre 7~ (b) with our
standard form, this description is not canonical. Nonetheless, any such description

will be enough for us to construct our action in §6.2.

It follows from our discussion at the beginning of this section and the description
of the monodromy that these choices give a presentation of m (Viy, {p1,p2}) with
generators ’yg’f c, fori=0,...,my-1and o/gj for j = 1,2 and 8 € LY with relations:

(1) The map LY - m1(Vww,p;), 8~ agj is a group homomorphism for j =1,2.

(2) If B € LY n W corresponds to a toric divisor in § which meets the FIPS
af, =efor j=1,2. | |

(3) (Monodromy relations) a ¢ O’yg’f’cz oo = m('yg’i@) fori=0,...,mw-1.

As we have chosen 78:10702 =9g,.c, and ag‘?’ here such that they agree with our
large radius presentation from Remark 5.14, our notation is consistent under the

inclusion G}'; = m1 (Viw, {p1,p2})-

Example 6.8. Here we revisit crossing the wall W5 in Octahedron VGIT from
§5.3. From Figure 8, we can see that ma w, = 2 (calculated using Lemma 6.3),

which agrees with our previous calculation. Moreover there is no positive relation
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FIGURE 12. Effect of monodromy on the path 'yg’li o, i 7 1(b)
(see Figure 11) in Case 1 (L) and Case 2 (R)

on (W), as -Ws is not is a ray in the secondary fan. So Lemma 6.4 tells us
that we are in case 2 — in fact, we’ve seen that V,, is the only component of the
discriminant. Finally Lemma 6.5 tells us that the 2 points in 771(b) should swap
as in Figure 10 (R). Recalling that these points in 7~'(b) are [b, (1 £ V/b)?,1], we

2mit

can follow the monodromy explicitly around b = ee and see that it is given by

Figure 18 (L). This agrees with Figure 10 (R).

6.2. Representation on near large radius paths. We shall now explain how
we can extend the action of p" on GJ'; to 71 (Viv, {p1,p2}) by assigning certain
fractional window equivalences (see Definition 4.24) to our extra generators V%f,cz
(fori=1,...,muy —1). For this, we need to choose some specific SODs of D*(Zy)g =
Db(Z;) where, as usual, A\ = A¢, ¢, € L is the primitive normal to W pointing
towards the chamber C;. Recall that Z} is a phase of the rank 1 linear toric VGIT
given by the weights 3; lying on (W) — that is, the VGIT with X, = Z"™, the Mfixed
locus. We refer to this VGIT as the VGIT on Z’* or on W. Then Z\ is the phase
of this VGIT which corresponds to the chamber W. We'll let Zy be the (possibly
empty) other phase of this VGIT.

Remark 6.9. We note that the rank 1 VGIT on Z'* is generally not Calabi-Yau.

Remark 6.10. Here, as for the large radius representation (see Remark 5.21), we
have an ambiguity in that we could use D°(Z)), for any w’ € Z instead to define
the representation on ’yg’f,CQ. In fact, on these paths p" is even more ambiguous
because, having fixed w’, it requires a choice of SOD. We’'ll see below that the
choice of such an SOD is specified by an additional integer w € Z — this roughly
corresponds to the ambiguity of writing our monodromy in standard form, as in
Remark 6.7. We’ll see in Remark 6.14 that the notation 'Y(()J’li,cz is supposed to fix

some of this ambiguity in p'V.

Recalling that Z4 is a minimal phase if K z;, 1s nef, the 3 topological cases in

Lemma 6.4 have geometric analogues as follows:



(1) Using the toric description of Kz (see [14], Theorem 8.2.3) maw > 0
means that Z is minimal. Moreover since Vy intersects Z(W), (W) has
a positive relation and hence Iy% 2.

(2) As maw >0, Z, is still the minimal phase, but as (W) does not have a
positive relation Zy=o.

(3) As ma,w =0, Z} is minimal.

Recalling Example 4.23 with X = Z’A, the theory of wall-crossings in a (not
necessarily Calabi—Yau) rank 1 toric linear VGIT gives an SOD of a maximal phase
in terms of a minimal phase and some number of exceptional objects. If we let \’
be the primitive 1-PS in the VGIT on 2" which points away from W, then these
SODs are given explicitly in Example 4.23. With these choices, X,/X_ in that
example corresponds to Z5/Zx. We also note that —uy = (K4, \') agrees with
ma,w when the former is positive. Thus the 3 geometric possibilities above have
the 3 categorical analogues as follows:

(1) DY(Z}) = (Eo, Oy, , (w),,Oy,, , (w+maw - 1)) where Ey is a copy of
D*(Zy) embedded by ¢y, +1-

(2) D"(Z}) = (Oz (w), Oz (w+maw - 1)). In fact, Zj is just a weighted
projective space in this case and this is the standard Beilinson exceptional
collection of line bundles (up to overall tensoring with a line bundle).

(3) We get the trivial SOD of D?(Z})

We denote the exceptional objects Oy,, , (w+i-1) by E; for i >0 and our SODs
by D(Z}) = (Eo, Ev,, By ) (Where some of the E; can be empty depending on
the case). Here the labelling matches up with that of the points of the discriminant
in 771(b) that we saw in Figures 11 and 12. So Ej is the single category associated
with the single puncture of 771(b) at a non-principal component Vy (in Cases 1
and 3) and E; for i > 0 are the ma w exceptional objects associated with the ma w

punctures in 77 1(b) at V.

Remark 6.11. These SODs are the simplest case of the more general story which

we describe in §10.

Remark 6.12. There are two properties of these SODs that we will crucially use in
the proof of Theorem 6.15.
o (Lefschetz property) E;1 = E;(1) for i > 0.
e (Window property) Rg, (Eo) = Eo(uw ). This is just Remark 4.22, where
we use that O(uw ) has N'~! weight 1.

Now, as in Corollary 4.28, our SOD Db(Z:\) =(Eo, E1,-+, Em, ) gives rise to
fractional windows FY((U;,V;)) where U; is the category generated by the first 4
pieces of this SOD and V; is generated by the remaining pieces. We then define

oV (V(Ojf CZ) to be the fractional window equivalence x( using this window.

Remark 6.13. Note that, for all the SODs above, one of U;, V; is always proper and

so, by Lemma 4.25, we do indeed get fractional window equivalences.
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Remark 6.14. The notation here is supposed to fix some of the ambiguity in the
definition of p", as in Remark 6.10. Namely, if we have fixed an SOD for the wall
W, the superscripts in fyg’i% tell us to use the fractional window with A¢c, ¢,-weight
0 and A given by the i-th category U;.

We now prove:

Theorem 6.15. In each of the 3 cases, any choice of SOD of D*(Z}) of the form
above gives a representation p" : i (Viv, {p1,p2}) — Cat, which extends the large

radius representation from Proposition 5.20.

Remark 6.16. For the rest of this section, we simplify notation by letting X, denote
the phase of the VGIT on the wall W, i* be the restriction from D°(X) to D*(X¢, )
and 7% be the restriction from D?(X) to D*(X¢,). E' = E®kY|z, for E € D*(Z}).
Recall the functor iy, : Db(ZA)w - Db(Xo) from Lemma 4.6. For an object or
subcategory E in D°(Z}), we let E* € D’(X,) be the image of E under iy g.

Example 6.17. For the wall W5 in the Octahedron VGIT, we have seen in Example
6.8 that only the principal component contributes to the discriminant and so we
are in case 2. Moreover, V,, is a conic in § = P? so my = ma,w = 2 and we have
just one additional path 7%3,03' In Example 5.23, we have calculated Z} = Pl L
where A = A\¢, ¢, = (0,1). Thus Z} is not minimal. Indeed, the VGIT on W5 has
two weights 81 = 2 =1 € LY := Z and so the minimal phase of this VGIT, which we
called Z, earlier, is empty. The SOD for case 2 is then D*(P') = (O(w), O(w +1))
for any w € Z.

We'll now describe explicitly the fractional window equivalence associated with
the SOD DP(P') = (O,0(1)) — that is, the case w = 0 of the SOD above. First,
we need to understand the fractional window FY({O,0(1))). By definition, a line
bundle O(B) in D°(X,) belongs to it if it has A-weights in [0,2] and has:

Homgz (O(B)|z;,0) =0 and Homy (O(1), (O(B) ® k1)[z,) =0

where k) = det(Ny,,x,). Since we know Yy = {z5 = 26 = 0}, we see that ry
O(-2,-2). Writing 3 = (a,b) € Z* (as in Example 5.23) so that O(a,b)|z, = O(a) on
P!, we see that O(a, b) satisfies these conditions precisely when b € [0, 2] and if b = 0,
a=1andifb =2, a=2. By Remark 4.13, these line bundles generate FY ({0, O(1))).
Thus PW(’Y&{@) can be described as the functor sending Ox,, (a,b) for these
values of (a,b) to Ox,, (a,b). As with the window equivalences in Example 5.23,
oV (72:11703) will act non-trivially on other line bundles.

We can again interpret this geometrically by considering what the auto-equivalence
pW((v&,CS)‘l ° 78’11703) looks like. It turns out (see Remark 6.24) that this is a
spherical twist about Opi,p1, whereas we saw in Example 5.23 that the window
shift was a twist about the whole category supported on the locus P! x P! which
collapses as we cross Ws5. So the new auto-equivalences capture some extra geo-
metric structure in the collapsing locus, in this case individual destabilising objects

supported on this locus.
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We now turn to the proof. Recall the presentation of 71 (Viy,{p1,p2}) after
Remark 6.7. As we have already constructed p"V on large radius paths in Proposi-
tion 5.20, we need only check that the monodromy relations hold under p"¥ on the
(strictly) near large radius paths 72‘711.,02 fori=1,...,my — 1. Note that Case 3 is
therefore already solved. Explicitly, we need to show that:

P o) oy 0 ™) = 0" (mvg ) for i= 1, myy — 1

We do this by expressing both functors as sequences of lifts into certain fractional
windows followed by restriction to a phase. We then simplify this description of
these functors by using the mutations we introduced in §4.1. This allows us to
rewrite the monodromy relation above as the equality of two sequences of mutation
functors associated to certain subcategories of D?(Xy). We then check that these
functors agree by (general calculus of mutations and) the Lefschetz and window
properties of our SOD from Remark 6.12.

We first note that tensoring by a line bundle with A-weight 0, lifting into a
fractional window and then tensoring by the inverse line bundle can be described

as lifting into a different fractional window:

Lemma 6.18. pW(ag‘;V o vg’f,cz oag")=ijo (i*)™" where (i*)7! is the lift from
Db(X¢,) into FY((U;(uw ), Vi(uw))).

Proof. By definition, the functor on the left-hand side is ®O(uy) o p"V ('ng,cz) o
®O(—uw ). First note that the fractional window in the statement makes sense as
(U (uw ), Vi(uw)) is an SOD of D¥(Z}) as uw has A-weight 0. It is not hard to
see that

FY (Ui (uw), Vi(uw))) = FX (Ui, Vi) ® O(uw)
Given this, if G € FY((U;,V;)) is a lift of F(~uw ) € D*(X¢, ), then G(uw ) is a lift
of F to FY((U;(uw ), Vi(uw))). Hence (i*)™*(F) = G(uw) and so:

P (A 01 o, 0 " ) (F) = Glxe, ® O(uw) = Gluw)|xc, =i o (i) (F)
O

Now we turn to understanding p"’ (m(7%f,cz))' Recall the disk D (see §5.2) in
771(b) containing all the punctures at points of the discriminant (we’ll assume it
contains the basepoints p1,ps too) and which we assume is in the standard form
from Figure 10. As m(’yg’f’cz) e m1(D,p1,p2) and 71 (D, p1,p2) is freely generated
by ’yg:i@ (for ¢ = 0,-~;mwy — 1) and +' (see Figure 11), pW(m(’yg’fﬁcz)) can be
described via a sequence of lifts into the fractional windows FY({U;,V;)) followed
by restriction to a phase. Moreover Figure 12 tells us explicitly what this sequence

is. It therefore seems natural to split these functors into two by introducing:

e Additional basepoints e; (for i = 0,-+,my/) in D whose corresponding cat-
egories p" (e;) := FY (U, Vi) = F N (V5 @ wzg Uy, y))
e Additional paths 6 such that p"V (5%) = 4%.

These are shown in Figure 13 (T) where n := myy.
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We can naturally incorporate the discussion of mutations in §4.1 into this picture
by introducing additional paths € as shown in Figure 13 (T). Then 71 (D, {p;,€;})
can be presented with generators ef,dF shown in Figure 13 (T) subject to the

relations 8fef =6F, fori=1,...,n.
Remark 6.19. In this presentation, ’yg’f ¢, corresponds to the path ¢; o (6:)7%

Moreover, Corollary 4.28 tells us that p" ((67) 1o d} ) = Rp+ and so we define
PV (€)= Rp+. Similarly Corollary 4.29 tells us to define V(€)= L -, where we
recall that (F,, -, Fy) is the left-dual SOD to D®(Z}) = (Eo, ", Ema . ). Then

w

p"" in this presentation is depicted in Figure 13 (B).

aws’

What’s more, we have shown that p" extends to a functor on 71 (D, {p;,e;}).
Noting that pW(eO) = FS((U@,V())) = W/\(O) and pW(en) = F£(<umA,W7VmA,W>) =
Wy (1), we see that p" agrees with our representation on large radius paths in
m1(D,{p1,p2}).

Remark 6.20. We might worry that to understand p"’ (m('yg:icz)) we have to un-
derstand the dual SOD too, which will involve more complicated objects. Actually,
it turns out that we don’t, because the €; appearing in the description of m(wg’icz)
in the presentation above only come in terms of the form €; o---o €. By Theorem
4.27, the associated functor p"V(€; o--0¢€7) = Ly and V7, = (E,..., E;) can

be described in terms of only the F; rather than the dual F;.

Remark 6.21. Before we launch into the proof, it will be helpful to recall the com-
binatorics of mutations. Recall that if E, F' are two subcategories, L(g py = Lgo LF
and Rg = LEI. Therefore we have that LgoLr = Lig, ry = L(F,r.(E)) = LFOLR,.(E)-

In particular, if £ and F' are orthogonal, Ly and Lrp commute.
We now turn to the proof of the theorem.

Proof. We know from Lemma 6.18 that pW(ag‘;V O'Yg*’f,cz oag™) can be expressed
as a particular fractional window equivalence. Comparing Figures 12 and 13, we
see how to write p"V' (m(’yg:f)@)) in terms of lifting into certain fractional windows
and restricting to phases. Here we write this expression down in both cases and
mess around with mutations to get the result. We start with Case 2, as it’s simpler.

Case 2: Compare Figures 12 (R) and 13. We see that pW(m('ygiiCz)) can be
expressed as the composition of functors from D°(X¢,) to D®(X¢,) going clockwise
around the following diagram, where we note that Fy~ = E{” (as F} = E). Moreover,
we have seen that pW(aé‘;" 07(()1’1%‘702 oag™) can be expressed as the functor around
the bottom.

L(E;',...E:'H) RF{‘=RE’I
FY({Uis1, Vier)) ——5 FY({Uh, V1)) ——— Wi(0)

< o
i Tl Lupuwy -7 &
B Lgr= "~ -
1 - *

D"(Xe,) e FY(Us(uw). Vi(uw)) —— D(Xec,)
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® D2

Wi-1(-n) = Wa(1)

Lo [y ey

nl((vl ®WZ’ Z/{1 ) F (Un 1, Vn— 1))

LF@{ }RE; .
LF'/< >RE+

B (Vioy @wzg Uy ) = FY (U1, V1)

LF{* <X>RE;

Wi (=n+1) = Wx(0)

Db(XC1) Db(XCQ)

FIGURE 13. Generators for m1(D,{p;,e;}) (T) and the corre-
sponding functor p"¥ (B)

So we are reduced to showing this diagram commutes. Now we remove any reference
to the phases (and so only have to deal with mutating subcategories of D*(Xy)) by
using Lemma 6.22 to express the compositions (i)' o i} in terms of mutations —

these are indicated by the dotted lines in the diagram above. Thus we are reduced

to showing:
Lgr; o Lut (uw) = Iigg,.B7,,) © Lery
But U} (uw) = (E3, -, Ef,,) by the Lefschetz property and these subcategories are

orthogonal by Lemma 6.23. Hence we are done by Remark 6.21.

Case 1: Compare Figures 12 (L) and 13. We see that pW(m(VgJiC?)) can be
expressed as the composition of functors from D®(X¢, ) to D?(X¢,) going clockwise
around the following diagram, noting that Fj~ = E (as Fy = Ep) and R Fr-oRp- =
R(gr- gy by Remark 6.20. Moreover, we have seen that pW(oauW o V?fj,CQ ocag™)

can be expressed as the anti-clockwise functor with same source and target.
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Lug,, Ly =Lorg Rey
FY((Uis1, Vier)) ————— W(0) ———— FY((Us, V1)) — F(({Us,V2))

R -
~ - + ~<
LE’I o e U (uyy) S~
S P S
N P <

S~ -7 * ~d

DY(Xo,) ¢ FY({Uh(uw). Viluw))) —— D*(Xe,) —— WA(0)

So we are reduced to showing this diagram commutes. Now we remove any
reference to the phases (and so only have to deal with mutating subcategories of
D*(Xy)) by using Lemma 6.22 to express the compositions (i)™ o i in terms of
mutations — these are indicated by the dotted lines in the diagram above. Thus we

are reduced to showing:
LprgoLipy,...m1,) © Leg = L o L o Lpy o Ly (uw)

By Remark 6.21, swapping the first pair of functors in the right-hand functor
and then swapping the second pair of functors shows that the right-hand functor
equals:

Lprg o Lry_ (B © Lig- @i uw)) © Lerg
By Lemma 6.23, Ef and E’| are orthogonal (noting that E; has compact support)
and hence Rp/-(EY) = E7.

By the Lefschetz property of E; for i > 0, U (uw)) = (E{(uw ), E3,...,Ef,).
Since by Lemma 6.23, Ef and E'; are orthogonal for i > 1, Lp~(E;) = Ef. Simi-
larly, noting that F; is compactly supported and, by the window property,

Hom(Eo(uw ), E1) = Hom(Rg, (Ep), E1) = Hom(Ey, Lg, (E1)) =0
Lemma 6.23 gives L~ (Eq(uw)) = Eg(uw ). Thus Lg- U (uw)) = U (uw) and
the right-hand functor equals:
Lgrs o Ligt Bf (uw),E5,...E7,,)) © LE
Since, by the window property,
(BY, Eg(uw), B3, . Ef) =(EY, Rp; (EG), ... Bfby) = (Eg, BY ... Efy)

we see that this functor agrees with the left-hand functor.
O

We now prove the two missing lemmas from the proof of Theorem 6.15. The first
tells us that we can rewrite certain compositions of functors in the commutative

diagrams in that proof as left mutations.

Lemma 6.22. (i%)™' ot : FY((Ui(uw), Vi(uw))) - Wx(0) is the left mutation
Lugt (- Stmilarly (i2)™" o2« FY((Us(uw ), Vi(uw))) = F\({Uis1,Vis1)) is the
left mutation L.
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Proof. To check that the compositions are as claimed, we first check that the mu-
tations indicated do indeed map the source to the target. For the compositions
(i*)7' 0¥, this follows from Theorem 4.27 with A = U;(uw ) and B = V;(uw ). For
the compositions (i*)~!oi*, it similarly follows from Theorem 4.27 after we rewrite

the relevant categories in terms of A\~! using Lemma 4.25. Explicitly, we have:
FY (Ui (uw), ViCuw))) = F (V)i (uw) @ wz, Uy (uw))

FY({Uis1,Vier) = FA (V)0 @ wz, Uy i)
By the Lefschetz property , we see that:

V’L(UW) = <E’i+17 M EmAyw7E’n’7.A1W (U’W)> = <Vi+17 EmA1W (U’W)>

Thus, since wz, = O(-ma wuw) and E;(uw) = Eiq for i > 0, Vi(uw) @ wyz, =
(Vis1 ® wz,, Eq). Hence V) _(uw) ®wz, =(V)_,_1 ®wz,, E1).
By Corollary 4.28:

Lpi- maps FY5 (Vo (uw)®wz, Uy (uw))) to FL2 (Vi 18wz, s (Br Un-i(uw))'))

But we know that (V),_,_®wz, .U,

n

_;—1)isan SOD of Db(Z)\—l)_n s0 (E1,Upn-i(uw)) =

4 .
U,,_,_, and hence:

F,(—”l ((Vh_is1 ®@wz, (B Un-i(uw))')) = F;]l ((Viis1 ®@wz,, Uy ;1))

*

Finally, it remains to show that the mutation functors agree with (i%)™' o iZ.

This follows immediately by noting that, for any E € D(Z}), E* is supported on
Y+ and hence E*|x, =0. So the claim follows by the formula for left mutation. O

Lemma 6.23. If E,F € D*(Z}) are such that Hom(F,E) =0 and at least one is
compactly supported, then E'~ and F* are orthogonal.

Proof. Hompy(x) (B, F") = Home(Z;)(E'_|Z;,F) using Lemma 4.6. As E~ is
supported on Y)-1 (of codimension ¢ in Xj), we can use the Koszul resolution to
show that B[z, = E® (Gaz':o,_wcAiJ\/')V/rl7X0)|ZA. As E and kY have A-weight 0 and

7 respectively:
3 \
cAsz\a,l ,Xo)|Z’\ ® K|z,

.....

As all A-weights of Nl\&-l, X, |z, are strictly negative and -7 is the sum of all such
weights, only det(]\/)irhxoﬂzA has A-weight -1, so E'" |7, = E® (k)1 ® kY)|z7; -

Taking determinants of the decomposition:
TXolzy =TZ\ ® Ny, x|z, ® Ny, , x|z,
along Zy, we see that wx,|z, 2wz ® (k) ® ky-1)|z,. As Xo is Calabi-Yau, we see
that (kY ® kY1 )|z, = wé; and hence E' [z = E'® wé;. Using this:
Home(Xo)(E,_?F+) = HOme(Z;)(E,_|Z;\,F) = HOme(Z;)(E ®(JJ};\7F)
=Hompo(z()(E, F ®wz; ) = Hom(F, E) =0
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by Serre duality on Z} (which is valid as at least one of E, F is compactly supported)
and Hom(F, E) = 0.
Similarly, using the right adjoint in Lemma 4.6:

Home(Xo)(FJ“’EF) = Home(Z;)(F7 (E_)|Z;) =Hom(F,FE) =0

O

Remark 6.24. We can alternatively prove this result in terms of fundamental groups.
It follows from [25] that the corresponding auto-equivalences pW((yg:i—Clz )‘107231{ o)
(known as fractional window shifts) can be described as the twist about the spher-
ical functor Fyoig, : (E;) > D"(X¢,) where i, : (E;) > D°(Z}) is the inclusion
of the j-th piece of the SOD and Fj is the functor from Remark 4.19.

This proof is slightly less complicated than the one above as all the mutations
are hidden in the description of the fractional window shifts. We have chosen the
proof above because it maintains the groupoid perspective which we adopt in this

thesis.

Remark 6.25. Having constructed this representation of 1 (Vi) for each wall W,
we can try to glue these all together along the large radius regions Vi near torus
fixed points. We do this exactly as in Remark 5.16. By the (groupoid) van-Kampen
theorem, this then give us a representation of the fundamental groupoid of a tubular
neighbourhood of the toric boundary in any 2d FIPS. This is slightly more useful
than the analogous large radius representation in Remark 5.24 as this groupoid
should generate the fundamental groupoid of the FIPS. This follows from the Lef-
schetz hyperplane theorem (see Remark 9.12).

However, as in Remark 5.24, the fact that p" is not canonical (see Remark
6.10) means that this abstract gluing is not very helpful when we try to extend the
representation to 1 (FIPS). In fact, p" is even less canonical on near large radius

paths as it depends on a choice of SOD, so the situation is only going to be worse.

7. FUNDAMENTAL GROUP REPRESENTATIONS OF A 2D FIPS

From §6, we understand how to construct a representation on each region Vi
near large radius. However (see Remark 6.25) gluing these regions and the rep-
resentations on them together arbitrarily is not a good idea. In this section, we
use a pencil on the secondary stack § to help us pick these regions near different
curves Z(W) in the toric boundary in such a way that the relations between paths
in these different regions become transparent.

In this section, we shall carry out this approach successfully for two examples,
namely the Octahedron VGIT and the Pentagon VGIT and, as a result, will be
able to construct the full representation of 7y (FIPS). The strategy for doing so is

the same in both cases:

(1) (Topology) Apply the Zariski-van-Kampen theorem (see Theorem 7.3) to

our pencil to find a presentation for 71 (FIPS) in terms of a specific choice
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of near large radius regions (adapted to our pencil) plus some additional
explicit relations R.

(2) (Magic windows) Implement the relations in R using (fractional) magic
windows (see §4.2).

Before we launch into these examples, it will be useful to present the Zariski—

van-Kampen theorem in a suitably groupoid way.

7.1. The Zariski—van-Kampen Theorem. In this section, we describe a gen-
eral technique to understand the fundamental group(oid) of a 2-dimensional FIPS
using a pencil of curves, based on ideas of Zariski and van-Kampen. For a good
introduction with lots of pictures, we refer to [13].

Suppose F is a (connected) complex surface with a surjective morphism f: F' -

C onto a curve C'. We assume additionally that:

(1) Away from a finite set of critical values Z ¢ C, f': F/ — B is a locally trivial
fibration where B := C\Z, F' = f~Y(B) ¢ F and f' = f|r. We denote by
F}, the fibre over b € B.

(2) The critical fibres f~!(2) for all z € Z are irreducible.

(3) We have picked points {b;} in B fori=1,...,n.

(4) There are disjoint continuous sections s; : B - F' of f’ for j =1,...,m.
We define the basepoints in the fibre Fy, to be p;; = s;(b;).

Remark 7.1. For Theorem 7.3, it is enough to have picked basepoints p;; and
then have sections (s;). : m1(B,{b;}) = m(F',{p;;}) of fi at the level of m; for

7=1...,m.

Recall that, if B c F is an irreducible hypersurface, a meridian of B (see [13],
Definition 4.13 for the precise definition) is roughly a loop in F'\ B given by travelling
from your basepoint to nearby a smooth point of B, doing a small loop in F\B
around this point and going back to your basepoint along the same path. Then we

have:

Proposition 7.2 ([13], Proposition 1.2). For fized j,k, if i denotes the inclusion
F\B c F then ker(i. : m1 (F\B,pjx) - m1(F,pjr)) is the normal subgroup generated
by a meridian of B.

This forms an important part of the proof of the following theorem, whose fun-

damental group version is standard (see, for example, [13], §2).

Theorem 7.3 (Groupoid version of the Zariski-van-Kampen theorem [35, 37]).

w1 (F,{pij}) is generated by:

71 (Fy,, {pij }nFp;) (one copy for each i) and (s;)«(m1(B,{b;i})) (one copy for each j)
subject to the relations:

e v/ = e where v, is a meridian in F around the critical fibre f~1(2) for ze€ Z
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e the monodromy relations (s5;)«(a) o v o (sp)«(a™t) = mu(y) where o €
71(B,bi,b;),y € m1(Fy,, pir, pir) for any i, j, k,1 and ma(y) € m1(Fo,, pjk, Pji)

denotes the monodromy of v along .

(Sketch). As in [13], §5, we can define monodromy along any path in the base for
a locally trivial fibration by the homotopy lifting extension property. Then the
same argument which shows the fundamental group of the total space of such a
fibration (with a section) is the semi-direct product of the fundamental group of
the fibre with the fundamental group of the base (where the latter acts on the
former by monodromy), shows, by (1) and (4), that w1 (F’,{pi;}) is generated by
1 (Fy,, {pij } n Fp,) (one copy for each ¢) and (s;).(m1(B,{b;})) (one copy for each
j) subject to (s1). () oy o (si)«(a™) =ma(7).

Note that the map induced by inclusion 4. : m (F”,{pi;}) = 71 (F,{pi;}) is full
as we are deleting fibres which are of real codimension 2. Its kernel consists only
of loops and ker(i),,, = ker(i, : w1 (F',pi;) = m1(F, pi;)). By Proposition 7.2 and
(2), we know that this is generated by a meridian v/ around the critical fibre f~(z)
for z € Z. O

Remark 7.4. For our applications, we are always going to take f coming from
a choice of pencil f : § -> P! on the secondary stack §. Then so long as the
basepoints of f are contained in the discriminant, we can take F' = FIPS and f to

be the morphism f := f|FIPS - C c P! with image C.

Remark 7.5. One particularly nice case of Theorem 7.3 is when the section s; ex-
tends over z € Z. If we denote this extension by s; too, then s; o v, is a meridian
around the critical fibre f~'(z) where v, € (B, {b;};) is (up to change of base-
point) a sufficiently small loop in B around z. As such, we can take 7, = s; 07, in
Theorem 7.3. If we just have sections on m; (see Remark 7.1), then the analogue

of the condition that s; extends over z € Z is that (s;).(7.) = e in w1 (F, {pi;}).

Example 7.6. Let’s take F' to be the complement in (C%QY of the hyperplanes
A:={X =1} u{Y =1} and the morphism f given by projection f: (X,Y) ~ X.
So C'=C\{X =1} and we have:
(1) f is a fibration over C (with fibre F;, * Cy \{Y =1}) and so B = C' and
Z=a.
(2) Nothing to check
(3) Take by, by € B with X-coordinate € R, small and large respectively. These
are shown at the bottom of Figure 14.
(4) Choose two disjoint sections s;(X) = (X,¢;) for ¢; € R,y small and large
respectively. So we have 4 basepoints p11, p21, P22, P12
Here the sections extend over Z = @ trivially and so, using Remark 7.5, Theorem
7.3 says that 7 (F, {pi;}) is generated by 71 (Fy,, {pj1,pj2}) for j =1,2 and s;(x)

for j,k = 1,2 where 7, c B are shown in blue in Figure 14 and freely generate
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_
Increasing | X|

FIGURE 14. Generators for fundamental groupoids of fibres and
base in Example 7.6

m1(B, {b1,b2}). Moreover, since Z = @, we only have monodromy relations. As f is
a trivial fibration and we have picked trivial sections, monodromy along any path
is trivial.

Pick free generators for my (Fy;, {p;1,pj2}) as shown in blue in Figure 14, where
we are drawing the fibres by projecting onto Cy. Call s1(v1) =t aq,s2(71) =
B3,51(72) = B1 and s2(7y2) = as.

Finally we check that monodromy gives the following relations:

Monodromy along v;:

aroagof3! =P2,B50B10a7" =az

Monodromy along ~s:

BioBaoaz! =ag,azoazo B =By

Remark 7.7. This description agrees with the Deligne groupoid of the real hyper-
plane arrangement given by A (see [29, 30]).

7.2. The Octahedron VGIT. Here we revisit the Octahedron VGIT from §5.3,
which is visibly not quasi-symmetric (see Definition 8.1). Our aim is to construct a
representation of its fundamental groupoid (see Theorem 7.16) following the strat-
egy outlined at the start of this chapter. As such, the next section covers the

topology and the subsequent section constructs the required magic windows.
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7.2.1. Topology using Zariski—van-Kampen. In this section, we apply the Zariski—
van-Kampen theorem to describe the topology of the FIPS for the Octahedron
VGIT. The ultimate aim is to find a presentation for 7 (FIPS) in terms of specific
near large radius regions plus some extra explicit relations.

Recall that § = P? with coordinates [z,v, 2] and, in line with Remark 7.4, take the
pencil x = bz where b € C is a coordinate on the base. This has a unique basepoint
at p1 :=[0,1,0] and, since the whole toric boundary is in the discriminant, we get
a morphism:

f:FIPS » C,[z,y,2] = x/z
where the image C' = C;. Note that this agrees with the map 7 from §5.3.

Remark 7.8. In coordinates X = x/z,Y =y/z on the FIPS c ((C*)g(,y, (X, Y)=X
and, using Horn uniformisation (see (4) in §3.6), there are two points of V,, in the
fibre X = b with Y-coordinates (1 +/b)2.

Notation: py:=[1,0,0],ps:=[0,0,1]. Let Z(W;) be the torus-invariant curve con-
necting p;+1, pi+2 Where the indices are read modulo 3 and W; be the wall between
the corresponding chambers, as labelled in Figure 8.

We now check that all the conditions in the Zariski-van-Kampen Theorem (The-

orem 7.3) are satisfied:

(1) Since the elements of the pencil in § are @ P! and the discriminant is

112

a smooth conic plus the toric boundary, the generic fibre F, of f is
C*\{2 points}. One checks that this is a locally trivial fibration over C\{b =
1}. However, as b approaches 1, one of the points of the conic approaches
{Y =0} in the fibre and so the critical locus Z = {b =1} c C. The base B
is shown at the bottom of Figure 16.

(2) f71(1) 2 C*\{1 point} is irreducible.

(3) Pick two basepoints in B given by b = by € R, sufficiently large and b =
by € Ry sufficiently small. Then (B, {b1,b2}) is the free groupoid on the
paths (1,2 and (3 shown in blue at the bottom of Figure 16.

(4) Pick two sections s; of f’ for j = 1,2, which we shall choose to liein {Y =¢;}
for €1 € R, sufficiently large and €5 € R, sufficiently small. By Remark 7.1,
we need only define lifts of (; for ¢ = 1,2, 3. Defining s;(b) := (b,¢;) € Ci*’y,
we check that s;((;) are such lifts.

Remark 7.9. Since the X-coordinates of the two points in Vp,. N {Y = €1} have
large modulus, we have that s1(7,) = e where (as in Remark 7.5) v, is a small loop
in B around z = 1. On the other hand, the X-coordinates of the two points in
Vpr N{Y =€} are close to X =1 and so s2(7y,) (in addition to looping X = 1) loops
around them too. Hence s2(7,) is not a meridian around the fibre Fj.

Then, using Remarks 7.5 and 7.9, the Zariski-van-Kampen Theorem (Theorem

7.3) gives us:
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Corollary 7.10. 7 (FIPS,{p;;}) is generated by:

’/Tl(Fbu{pllap12})a7r1(Fva {p217p22}) and Sj(Ci) fOT’ 1= 13273aj = 132

subject to the relation s1((3) = s1(C2(3¢7") and the monodromy relations along ;
(i=1,2,3).

We now want to understand this presentation in terms of imposing additional
relations on 71 (U) where U c FIPS is a specific collection of near large radius
regions in the FIPS glued together. Recall that the reason we want to do this is
that we know from §6 how to define a representation on m (U) for free.

So how should we pick U so that it can be compared easily with the presentation
in Corollary 7.107 For this, we note that the choices made for the Zariski—van-
Kampen Theorem give some natural choices of near large radius regions. Our
choice of pencil on the FIPS means that F, are (1,1)-orbits and so Fp, is the
push-off of Z(W3) defined by Bw, = (1,1). Similarly Fp, is the push-off of Z(W53)
defined by Sw, = (1,1). The section s lies in an orbit of the 1-PS (1,0) and so
Im(sz) lives in the push-off of Z(W7) defined by Sw, = (1,0). Similarly Im(s;)
lives in the push-off of Z(W3) defined by fw, = (1,0).

Remark 7.11. Note that By, is not fixed by the pencil itself but by the section s
and so different sections (which mean that s lies in {X™Y = €} for different n) give

different natural choices for By, .

The corresponding near large radius regions in the FIPS defined by these choices

can be written explicitly as:
Up=A{lY[< e}, Uz :={|X[ <bo}, Us = {|X[ 2 b1 }, Us = {[Y[ 2 &1 }

so that (for ¢ = 1,2,3) U; is the near large radius region near Z(W;) (defined by
Bw, = (1,0), Bw, = Bw, = (1,1)). The images A; of the four subsets U; under
the moment map p : P> - A := u(P?) are shown in Figure 15 (R). Gluing them
together, we define U := U;_1 234 U;.

Remark 7.12. Because of how we chose By, and Sy,, we have that Uz = f~1(Dy)
and Us = f71(Dy) where D; is the punctured disk in C' bounded by ¢; for i = 1,2.

As we did at the end of §6.1, we now pick presentations of 71 (Fy,, {pi1,pi2}) as
free groupoids on the generators shown in blue in Figure 16, where the coordinate
on the fibres is Y. We use the notation for near large radius paths from §6.1 so that,
once an SOD on the wall W; has been specified, we know what p""# on these paths
is (see Remark 6.14). We have chosen these particular generators on the different
fibres to make the monodromy relations as simple as possible. We also pick free
generators for paths in Y = €5 given by the two toric loops a(Cli’O) (for ¢ = 2,3) and
the paths 72:20703 = 52((3),72:31702 shown in blue in Figure 17. We also define the
path 72:11703 = oz(cls’l) o yey.05 0t € mi(Fy,, {p21,p22}) where y¢, ¢, is shown in
Figure 16.
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FIGURE 15. Generators of m (U, {p11,p12,p22}) for the Octahe-
dron VGIT (L) and image of near large radius regions covering U
under the moment map (R)

0,0
Yes.cn

| G
Arg(b) ( Xbje— R\
/ b=1

(—
Increasing |b|

FIGURE 16. Generators for 771(Fb,-7{Pz‘1,Pi2}) and 7T1(B, {bl, bg})
The 2 points in V,, in the fibre Fy, are Y = (1 +/b)?

Remark 7.13. We note that the sections s;(¢;) for ¢ = 1,2 actually define toric
loops corresponding to (1,0). To be more in line with the notation of the previous

sections, we therefore relabel ozgi’o) :=8;(¢1) for ¢ =1,2 and oz(clg’o) = 89((2).-

Now we repackage the presentation in Corollary 7.10 in terms of 71 (U) and see
what’s left over. The near large radius region Us can be described in terms of Fy,,
5;(¢2) and monodromy along (> (see Remark 7.12). Similarly Us can be described

in terms of Fy, , a(clj’o) (for j = 1,2) and monodromy along ¢;. We’ll now see that the
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(—
Increasing |b]

FIGURE 17. Free generators of w1 ({Y = €2}, {p12,p22})

3 G

FiGURrE 18. Monodromy of Fj around the 3 loops (1,(s and (3

additional relations on 1 (U) only come from monodromy along (5. More precisely,

we get:

Proposition 7.14. 7 (FIPS,{pi1,p12,p22}) is generated by w1 (U, {p11,p12,D22})

subject to the relations:

(1) 0,0 ° 0,0 _ 0,1
/yg'zdcz Pyg&dcz =%c,,04

@ st oot ot

(3) 7071,02 ° 7013701 = 70’3702

Remark 7.15. Recall that the presentation in Corollary 7.10 used the 4 basepoints
pij- In the proposition above, we only use 3 of them (one near each p;). Happily,
there is a canonical equivalence 71 (FIPS,{p;;}) = m1(FIPS, {p11,p12,p22}) using
the canonical (homotopy class of) path between p1; and po; near p; (see Remark
5.16) to identify po; with p11. In fact, as s; extends over b = 1, this path agrees
with s1(¢3). We abuse notation and denote by the same symbols the images in
m1(FIPS, {p11,p12,p22}). For example, in w1 (FIPS, {p11,p12,022}) 72:301 refers to
the path from poy to p1; given by s1(¢3)™to ’Ygﬁcl' Under these identifications,
71 (U, {p11, p12,p22}) is generated by the paths in Figure 15 (L).

Proof. For now, we work with all 4 basepoints p;;. At the end, we will then remove
P21

The monodromy around the loops (; is shown in Figure 18, where we are pro-
jecting onto the Y-coordinate so the basepoints appear fixed and the path taken

by the discriminant is indicated by the arrows.
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Note that 72’31 ¢, 18 not among the generators in Corollary 7.10. We claim that
we can write it in terms of them as 72:10’02 os1(¢31) 0 7%:,01' To see this, note that
(as Figure 16 makes clear) under the projection g: (X,Y) » Y ’yg’lo o, and 'yg’so o
map to inverse paths in B’ = C}, \{Y = 1}. It is easy to see (because of the Zs-
symmetry of the VGIT or explicitly) that g defines a fibration over these paths. We
choose sections s;(b") = (b;,") living inside X = b; and so sy (g(q/g::cl)) = 7?7’;] o
and similarly 51(9(78’302)) = 72:10702. Therefore monodromy along such paths is
defined and following s;(¢3') along g(yg’lo Cz) gives a path in Y = ey from pos to

p12 which is homotopic to 72:10 o, ° 51(¢31) o 72:3 o One checks that it is, in fact,
0,1
TCs,0.°

Now we package the presentation in Corollary 7.10 into pieces we understand
and see what’s left over. Note that, by Remark 7.12 and the Zariski—van-Kampen
theorem applied to Us, m1 (Fp,, {p11,p12}), a(cll’o), a(clz’o) plus the monodromy rela-
tions along ¢y just give a copy of m1(Us, {p11,p12}). Similarly, m1(Fp,, {p21,p22}),
a&’o), « plus the monodromy relations along (5 give a copy of 71 (Us, {p21,p22}).

By definition, s1(¢3) lives in Ug\Int(Us) uInt(Us). As we see from Figure 15,
we can think of the region Us U Us u Uy as the near large radius regions along
Z(W3) and Z(W3) glued together along a large radius region near p;. From this
perspective, s1((3) is just the canonical path between p;; and po; in this large
radius region. As such (see Remark 5.16), 71 (Uz U U3 U Uy, {p;;}) is the groupoid
generated by w1 (Us, {p21,paz}), 1 (Us, {p11, p12}) and s1((3) subject to the relation
51(¢3) = 51(C2Gs¢i ).

Therefore, packaging up our presentation of 1 (FIPS) in this way, we see that
1 (FIPS) is generated by m (UyuUs uUy) and s2((3) = 7%5,03 subject only to the
monodromy relations along (3.

Monodromy relations for (3: In terms of b, near b=1 (3 is t = 1+ ee” ™ for

t €[0,1]). Then we get monodromy relations:

0,0 (1,1) 0,0 -1 _ (1,1
Yo,,05° %, ~© (702,03) = Qg

1.1 -
51(¢3) oaél Vo 51(Gs) ' = o
0,0 0,0 1 o1
Ye,,05 ° ey 0, © SI(CS) =%cy,cs

0,1 0,0 - 0,0
51(43) °Ye,,cn © (702703) L= Yes,01

If we use s1((3) to identify p1; with pey, then, using s1(¢2) = 51((3¢1¢3") and o =
s1 (Cg)ooz(cll’l)osl (¢3)7! to get rid of these generators, we see that 71 (FIPS, {p11,p12,p22})
is generated by 71 (Us U Us U Uy, {p11, P12, p22}) and 7%303 subject to relations (1)
and (2) and monodromy invariance for '72:20703.

If instead we present 71 (FIPS, {p11,p12,p22}) in terms of all the previous gen-
erators plus 7?;’31702 and all the old relations plus relation (3), then we see that
this presentation is generated by 71 (Us UUs U Uy, {p11,P12,P22}), 72:20’03 and 72:31)02
subject to relations (1),(2),(3) and monodromy invariance for 72:20703. Packaging
ng,cs and 72:31’02 together to give the remaining generators of 71 (U;) and noting

that the monodromy relation for 72:31 o, must follow automatically since it holds in
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71 (FIPS), we see that m1 (FIPS, {p11, p12,p22}) is generated by m1 (U, {p11,p12, p22})
subject to relations (1),(2) and (3) as claimed. O

7.2.2. Fundamental groupoid representation. By Proposition 7.14, we know that
1 (FIPS) is generated by 71 (U) where U is covered by near large radius regions.
Therefore, if we choose the SOD D¥(Z}) = (O(-uw,),0), Theorem 6.15 gives us
the near large radius representation p"Vi on m(U;) (for i = 1,2,3). Moreover, if
we include Uy too, Remark 6.25 tells us how to glue these all together to get a
representation of m (U).

We now check that the 3 extra relations in Proposition 7.14 hold. We have
already noted in Example 4.34 that there are no magic windows in this example.

However, it turns out that there are fractional magic windows.

Theorem 7.16. w1 (FIPS,{p11,p12,p22}) acts on the phases of the Octahedron

VGIT such that, near the curve Z(W;), it recovers the representation p'i above.

Proof. We note that
Oa O(_la O)a O(_2a _1)7 O(_]-v _1)

satisfy the grade restriction rules for Ac, ¢, = (-1,1) (with wy = 0) and A¢, ¢, =
(0,-1) (with wy = 0) and the fractional grade restriction rule for Ac, ¢, = (-1,0)
(with wy = 0) with respect to the SOD D’(Z*c2.c1), = (0(0,-1),0). Moreover,
by the two standard Euler exact sequences on P! x P! pulled back to X¢,, the
restrictions of these 4 line bundles to X¢, generate D®(X¢, ). Therefore these form
a fractional magic window which, as in Remark 4.39, implements the relation (2).

Similarly,

0,0(0,1),0(1,2),0(1,1)

form a fractional magic window which satisfies the grade restriction rules for A¢, ¢,
(with wy =0) and A¢c, ¢, (with wy = 0) and the fractional grade restriction rule for
Aoy.c, (with wy = 0) with respect to the SOD DP(Z*¢1.¢3)q = (O(~1,0),0). This
implements the relation (1).

Finally,

0,0(1,0),0(0,-1),0(1,-1)

form a fractional magic window which satisfies the grade restriction rules for Ac, ¢,
(with wy =0) and A¢y, ¢, (Wwith wy =0) and the fractional grade restriction rule for
Ac;.0, (With wy = 0) with respect to the SOD D?(Z*cs.c2)y = (O(1,1),0). This
implements the relation (3). O

7.3. The Pentagon VGIT. We now introduce the Pentagon VGIT which, like
the Octahedron VGIT, is not quasi-symmetric (see Definition 8.1) and has a 2d
FIPS. The reason we are interested in this VGIT is that it occurs as one of the
boundary problems for the Triangle VGIT in §9 and, as such, forms a vital part of

the construction of the representation in that case.
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Y }
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FIGURE 19. The polytope A formed by the rays (L) and the sec-
ondary fan for the Pentagon VGIT with chambers labelled (R)

The Pentagon VGIT is the linear Calabi—Yau toric VGIT Ty, G (0% specified by
the toric data L = Z% - Z° 4 73 = N where:

A=

Therefore the rays live in the height 1 affine hyperplane H = {z = 1} and A is a
degenerate pentagon P (hence the name of the VGIT) as shown in Figure 19 (L).

Remark 7.17. The strange numbering of the rays in Figure 19 (L) comes from its
relation to the Triangle VGIT (see §9.2.4 for more details)

By Remark 3.15, the secondary fan, shown in Figure 19 (R) with the chambers
labelled, is the fan with support Ly and with rays generated by the columns of

Q: (Z°)Y - L" where:
A 1 0 -1 -1 1
Q_(—1 11 -1 0)

Moreover, by Remark 3.36, the stacky secondary fan just has 3 (see §3.4) equal to
Q. Then standard toric geometry (see [14], §11.1) tells us that § is the (weighted
orbifold) blow-up of P? (with coordinates [as,ag,as] where the numbering here
corresponds to the numbering on the rays in Figure 19 (L)) at the basepoints of
the pencil of conics given by a?azas = OZQCI%, which (set-theoretically) are the two
torus fixed points [1,0,0] and [0,1,0]. As such, § is a conic bundle over P(1,2)
(with coordinates [aq,az]).

The discriminant for the Pentagon VGIT has two non-toric components, one
(call it Vp) corresponding to the left hand edge of P and the other (the principal
component V,,) corresponding to P itself. Finally, there are four toric divisors
corresponding to the four vertices of P. The secondary polytope with the toric
components of the discriminant indicated by dashed lines is shown in Figure 26
(ignore the phases in this figure). One checks that Vp is the discriminant of a
quadratic polynomial in one variable and so Vp = {a? = 4azag}. As such, Vp is
the conic fibre over [ag,as] = [2,1] and intersects only Z(W3) and Z(W5), doing
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so in each case transversely at a single point. One also checks that V,, meets
each of Z(W;) (for ¢ = 1,2,4) transversely at one point. Therefore there are only
large radius paths in the Pentagon and so we will only need to use the large radius

representation p" from Proposition 5.20.

Remark 7.18. The Pentagon VGIT occurs as a slice of the universal unfolding of
the Ay surface singularity in [18] (see also [8]). There Donovan and Segal observe
that the universal unfolding is described by another VGIT whose FIPS is a double
cover of the FIPS of the Pentagon. In fact, the fundamental group of the Pentagon
FIPS is intimately related to the “mixed” braid group Bj s ¢ Bs (see [18], §4.4).
Similarly, the fundamental group of the FIPS of the universal unfolding is related
to the “pure” braid group PBs c B and this double cover corresponds to the fact
that B; o is an extension of Zy by PBs.

Now the VGIT describing the universal unfolding is quasi-symmetric and its
FIPS, by Theorem 8.8, is a hyperplane complement. Since, by Corollary 2.8, the
fundamental group of this FIPS acts, they are able to prove Conjecture A for this
non-quasi-symmetric example. We shall discuss this approach more in §9.3 but the
main drawback to generalising it is that it is difficult to determine when such nice

covers exist (though see Remark 7.29 for an idea in this direction).

7.3.1. Topology using Zariski—van-Kampen. Our aim in the rest of this section (see
Theorem 7.27) is to reconstruct Donovan and Segal’s fundamental groupoid action
(see [18]) directly — that is, forgetting about the nice double cover in Remark 7.18
— following the strategy outlined at the start of this chapter.

We start by using the Zariski—van-Kampen theorem to find a presentation for
the fundamental groupoid. We begin with the pencil which presents § as a conic
bundle f :§ = P(1,2) as described above. Pick coordinates X,Y on the toric open
subset of § near pc, such that {X =0} = Z(W;) and {Y = 0} = Z(W3). Then
one checks, by Horn uniformisation (see (4) in §3.6), that V,, = {X +Y =1} and
f(X,Y)=XY €C, (where a:= az/a?). We have also seen that Vp = {XY =1/4}
is the fibre of f over a=1/4.

We now check that the conditions in the Zariski-van-Kampen Theorem (The-
orem 7.3) hold for the morphism f = flpps : FIPS - C c P(1,2). Here C :=
Im(f) =P(1,2)\{a =0,1/4} since the torus-invariant fibre over s = 0 (but not the
torus-invariant fibre over a; = 0) is part of the discriminant.

(1) The fibre F, = {XY = a}\{X +Y =1} is generically 2 C*\{2 points} and
one checks that there are two critical fibres, one over « = 1/4 (which is
not in FIPS anyway) and one over o = 0. As such, Z = {ay =0} and so
B =C\{a1 =0}.

(2) The fibre over ay =0 is 2 C*\{1 point} and so is irreducible.

(3) We pick two basepoints by, bs € B with a-coordinate € R, respectively less
than/greater than 1/4. We also pick free generators ¢; of m (B, {b1,b2}) as

shown in blue at the bottom of Figure 20 (in terms of «).
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(4) By Remark 7.1, we need to pick disjoint lifts of (; for ¢ = 1,2,3. We shall
choose two such lifts s; and s lying in {Y = €} and {X = €} respectively
for € € R, sufficiently large. As usual, p;; = s;(b;) for j = 1,2 denotes the
two basepoints in Fy,.

We note that neither of our sections extends over a; = 0. This is because they
lie in {X =€} and {Y =€} and these curves limit to the torus fixed point pc, and
pc, respectively, which have been deleted. As such, Remark 7.5 does not apply.
Nonetheless the meridians of f~'(a; = 0) in the FIPS are easy to describe — in fact,
we can just take v, = oz(cfil’fl) for ¢ =4 or 5. So the Zariski-van-Kampen theorem

(Theorem 7.3) gives us:

Corollary 7.19. 7 (FIPS,{pi;}) is generated by:

7T1(Fb17 {p113p12})37r1(Fb23 {p21>}722}) and sj(Ci) fOT’ i= 132>33j = 132

subject to a(czl’fl) =e fori=4,5 and the monodromy relations for ¢; (i=1,2,3).

We now want to understand this presentation in terms of imposing additional
relations on 71 (U) where U c FIPS is a specific collection of near large radius
regions in the FIPS glued together. Recall that the reason we want to do this is
that we know from §5.4 how to define a representation on 1 (U) since there are
only large radius paths in U.

So how should we pick U so that it can be compared easily with the presentation
in Corollary 7.197 For this, we note that the choices made for the Zariski—van-
Kampen Theorem give some natural choices of near large radius regions. Our
choice of pencil means that the fibre Fj, is a (-1,1)-orbit and so Fjp, contains the
push-off of Z(W;) and Z(W53) in the near large radius regions corresponding to
Bw, = Bw, = (-1,1). Our choice of sections means that s; lives in an orbit of the
1-PS corresponding to (1,0) and (0,1) respectively for j = 1,2. Therefore Im(s;)
lives in the push-off of Z(W5) defined by Sw, = (1,0). Similarly Im(s3) lives in the
push-off of Z(W3) defined by Sw, = (0,1). We therefore relabel s;({2) = 75;3’07,
and s;(¢1) = 7&;,0,43 in the notation from §5 to specify p" on these paths.

Remark 7.20. Note however that we don’t get a natural choice of near large radius
region near Z(W,) from the Zariski-van-Kampen presentation. The natural guess
would be the subset {|XY| > by} with fibre Fj,. This would correspond to choosing
Bw, = (-1,1). However, this is not a near large radius region near Z(W,) because
(Ac,.os0 (-1,1)) # £1. Geometrically, this corresponds to the fact that the conic
fibration f has a non-reduced fibre supported on Z(W,). Therefore instead we have

to use a different fibration to push 72‘4,05 off Z(Wy).

These choices of Bw, (for fw, we choose (0,1)) lead us to pick the following
regions in the FIPS:

Ui = {‘XY| < bl},UQ = {|Y| 2 €, |XY‘ < bQ}

Us = {|X] > & |XY[ < b}, Us = {|X] 2 €, |[XY] > bo}
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and Us = Vg, is a large radius region (see §5.1) containing po;. The images A; of
the five subsets U; under the moment map u: § - A := Im(u) are shown in Figure

22 (L). Gluing these regions together, we define U := U;_1,2.5,4,5 U;-

Remark 7.21. Note that U; for i = 2,3,4 are actual near large radius regions of the
form Vy. On the other hand, U; is a neighbourhood of both curves Z(W;) and
Z(W3) and so not of this form. Instead it’s regions of the form Viy,, Viy, glued
together near Vi,. This is because the pencil f breaks into multiple boundary
curves as a - 0. Then “large radius paths” in U; will correspond to a pair of large
radius paths in Vi, and Vyy, respectively. The reason we keep U; in one piece
despite this extra complication is so that (by our choice of Sy, and By, ) we have
U, = f~1(D) where D is the punctured disk in C' bounded by (3 and f is our pencil.

This will mean that the monodromy is easy to analyse in terms of Uj.

Remark 7.22. Here we take Uy to be the near large radius region defined by Bw, =
(0,1), so that the push-off 7, . is a path in the fibre F' = {X =€} (between a new
basepoint p’ say and pss) and not the fibre Fy,. As in Remark 5.16, the canonical
path in Us between p’ and po; allows us to identify w1 (U, {pi;,p'}) =2 m (U, {pi;})
and one checks explicitly that the paths '72'4,05 get identified with the paths of the
same name in Fp, shown in Figure 20.

Since Z(W,) is not in the discriminant and hence is in Uy, agl’_l) = e for
i =4,5 and hence 71 (Uy, {p’,p22}) 2 m1(F,{p’,p22}). Changing basepoints from p’
to pa1, we therefore see that w1 (UguUs, {pa1, paa}) is the subgroupoid of 71 ({| XY >
b}, {p21,pe2}) generated by the paths ’72‘4,05 in Fy, and the loops a(c(,)i’l) fori=4,5.

We now pick presentations (as in Remark 5.15) of w1 (Fp,, {pi1,pi2}) as free
groupoids on the generators shown in blue in Figure 20, where we have drawn
our fibres by projecting onto the X-coordinate. We have chosen these particular
generators on the different fibres to make the monodromy relations as simple as

possible.

Remark 7.23. We use the notation for large radius paths in U; for ¢ = 2,3,4 from
§5 so that p"i is then automatically specified. Recall from Remark 7.21 however
that U; is not a single near large radius region but a union of two such regions and
so the generators 'yg/l] o, i Fy, correspond to a large radius path 781,03 in Viy,
followed by a large radius path 7]03702 in Vyy,. As such, this notation specifies the
representation on these paths — namely, it’s the sequence of window equivalences
(bjCS’C"’ o gbocl’c3. It should not be confused with 7?771{02 from §6 which specifies a
(single) fractional window equivalence.

Another way of thinking about the representation on these paths is to introduce
another basepoint near the torus fixed point pc,. Then the actual large radius
paths 78*1,03 and 7%3702 are paths in the fundamental groupoid with this extra

basepoint and we know how to define the representation. Whilst this approach is



79

V4,05 | X 7L,
Arg(X)
P, B
/\\ﬂfl\f/ \\
Arg(a) | by or=1/4 X bre(s!
//I C2 l\////
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Increasing |af

FIGURE 20. Generators for m (Fy,, {pi1,pi2}) and w1 (B, {b1,b2})
for the Pentagon VGIT

natural from the large radius point of view in U, we do not pursue it here because
it doesn’t play so well with the presentation coming from the pencil. To use this
presentation, we would need to extend this extra basepoint to a section of f. But
the pencil doesn’t split into multiple curves as @ - oo and so this extra basepoint

isn’t natural from the large radius point of view near Z(Wy).

Remark 7.24. Our choices of section mean that s;({3) agrees with the toric loop

(-1,0) (0,-1)
C .

ag, " and s2((3) with o To be in line with the notation from previous

sections, we relabel s1((3) by agll’o) and s2((3) by a(CO;‘l).

Our choice of projection means that (for ¢ = 1,2) p;> appear fixed under mon-
odromy whilst p;; (whose X-coordinate is a/e) moves. In particular, around (s,
p11 does the non-trivial loop shown in Figure 21 (R). However, along ¢; and (2, p;1
traces out a trivial loop so we draw it as fixed. Together with the fact that the two
points of the fibre over a in the discriminant have X-coordinates 1/2 + \/1/4——04,
this explains the monodromy shown in Figure 21.

Now we repackage the presentation in Corollary 7.19 in terms of 71 (U) and see
what’s left over. Since the near large radius region U; can be described in terms
of Fp,, a(c_ll’o),agt_l) and monodromy along (3 (see Remark 7.21), it turns out
that the additional relations only come from monodromy along ¢; and (2. More

precisely, we get:
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FIGURE 21. Monodromy around the 3 paths (1,{s and (3 for the
Pentagon VGIT

T
ag, C Cs 762:%%

B
T Cy e,
. As 3 ~__
A A _ \ 0
4 \ Yy, 05
4 | -1 0 0/0 0/-1
/ | Al Ycy,o5 Ycy.05 70/1’02 ’YC/LCQ
| I
. 0
P —— - — == - === = = / Ycy, 01
As! !
5 Ao / 5 T s
: Yoy C Cy -1 Cy D Yoy

FIGURE 22. Image of near large radius regions under the moment
map (L) and generators for 71 (U) in the Pentagon VGIT (R)

Proposition 7.25. m(FIPS,{p;;}) is generated by m(U,{pi;}) plus the 4 rela-
tions:
_ _ 0/-1
(1) V2,05 =105,05 °VC, .00 © Vo0
_ 0/0
(2) 72’47C5 = ryci,cs °Tey, e, OFY8'4701
(3) 72 _ A0 0~00
VC4,Cs = VCa,05 ° Vw05 ° Vw01
(4) -1 _ .0 o~ MO
V4,05 = VCa,05 © Vg0, ° Vw0
/

)

0/-1 )_1a(71,1) 0/0 71,1))_1.

-1/0 , , 0/0
where v¢' ¢, is the path in Fy, given by 70/1702 Ve, .0n Gy VG0 (ozg1

Remark 7.26. It will follow from the proof that m1 (U, {p;;}) is generated by the

paths in Figure 22 (R), where ’78'4,6'1 = (751704)_1 and 7%2705 = .(76;62)_1.

Proof. Now we package this presentation into pieces we understand and see what’s
left over. Note that, by Remark 7.21 and the Zariski—van-Kampen theorem applied
to Uy, m1(Fy,, {p11,p12}) and s;(¢3) (for j = 1 and 2) together with the monodromy
relations for (3 give a presentation of w1 (U, {p11,p12})-

Also, monodromy of a&l’l) along ¢; and (;! gives exactly monodromy invari-
ance of 7(]32705 near the large radius curve Z(W3). Therefore the subgroupoid of
71 (FIPS, {p11,p12,p22}) generated by w1 (Fy,, {p11,p12}), 5;(¢3) (for j =1 and 2),
a(c_il’l) (for ¢ =2,5) and 7@2’05 gives a presentation of 71 (Uy U Us, {p11,Dp12,P22})-

In exactly the same way, using monodromy of 04(6711’1) along ¢; and (51, we get

that the subgroupoid of 1 (FIPS,{p;;}) generated by mi(Fp,,{pi1,p12}), 5;((3)
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(for j =1 and 2), a(cfil’l) (for i=1,2,4,5), 7@2)05 and 7(’121704 gives a presentation of
7T1(U1 U U2 U (]37 {p”})
By Remark 7.22, if we add in the two remaining free generators 7@4705 in

w1 (Fby, {P21,p22}) and the relation ozgil’fl) = e for ¢ = 4,5, we get a copy of

(U, {pi;})-
Comparing with our presentation of m (FIPS, {p;;}), we see that the only re-
lations left to implement are the monodromy of ”yg/l k02 along ¢; and (;'. Using

Figure 21, we see that:

o Mg, (’yg/f@) =7¢, ¢, and so we get the relations v¢! ¢ Ofyg/f@ o(vgte) =
Ve s
° mg, ('78‘4,05) = '72‘/1(302 and so we get the relation (ng,cs )‘10784,05 078“1,04 =
72*/10,02
o me,(VGh o) = 751{%2 and so we get the relation (7¢, ¢.) ™ o7gh 0,072, ¢, =
orics
Therefore it follows that 71 (FIPS, {p;;}) is the quotient of 71 (U, {p;;}) by the
four relations stated. O

7.3.2. Fundamental groupoid representation. By Remark 7.23, our notation speci-
fies how we are choosing the large radius representation p" from Proposition 5.20
in each region Vjy near a curve in the toric boundary. By Remark 5.24, these glue
together (across Us also) to give a representation p of m1(U). In this section, we

prove:

Theorem 7.27. 7 (FIPS,{pi;}) acts on the phases of the Pentagon VGIT so that

it recovers the large radius representation p*V on each wall.

Remark 7.28. This example shows that, while the structure of magic windows in
the quasi-symmetric setting of §8 may be particularly nice, magic windows are
sufficient to construct our fundamental group(oid) action in non-quasi-symmetric

examples too.

Proof. By Proposition 7.25, we have an equivalence

T (FIPS, {pi;}) 2 m (U)/{(1), (2), (3), (4))
Since p is naturally a representation on 1 (U), we only need to prove that there
are 4 magic windows which implement these 4 additional relations.

One checks that the following 4 collections of 3 line bundles are magic win-
dows whose parameters w) (see Definition 4.30) agree with those appearing in the
relations (1) to (4) respectively:

0,0(-1,0),0(0,-1)
Oa O(Oa _1)7 0(1’ _1)
0,0(1,0),0(1,-1)
0,0(1,0),0(0,1)
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Remark 7.29. These 4 magic windows are the only ones which give relations be-
tween window equivalences with weights 0 or —1 — that is, between equivalences
corresponding to large radius generators from the presentation in Theorem 7.27.
In fact, in this example, every magic window is of this form up to tensoring with a
line bundle.

The set of all magic windows is naturally indexed by the chambers of the affine
hyperplane arrangement A = {X € Z} u{Y ¢ Z} u{X +Y € Z}. For a quasi-
symmetric representation, there is a corresponding affine hyperplane arrangement
(see Proposition 8.14) whose chambers also naturally index the magic windows. In
this case A is the hyperplane arrangement associated to the quasi-symmetric VGIT

with weights:

ZG$LV:ZQ7Q:(1 -1 0 0 1 —1)

0 01 -1 -1 1
and this is exactly the “unsliced” VGIT whose slice is the Pentagon VGIT and

which induces the covering map in [18]. More generally, one might hope that
in other non-quasi-symmetric examples the combinatorics of the set of all magic

windows might help to identify such an “unsliced” VGIT whose slice is the original
VGIT.

8. THE QUASI-SYMMETRIC CASE

Definition 8.1. A representation T;, G C" is quasi-symmetric if, for each line ¢

in Ly, the sum of all the weights that lie on ¢ is zero.

Remark 8.2. In particular self-dual representations of 17, — that is, if 8 € LY is
a weight, then so is -8 — are quasi-symmetric. A simple example of a quasi-
symmetric representation which is not self-dual is given by L = Z — 731
(1,-2,1). This corresponds to the toric VGIT which describes the (orbifold) flop
between Tot(Op1 (~2)) and [C? [ Zy] where Zy acts via (-1, -1).

We note that quasi-symmetric representations are necessarily Calabi—Yau. Con-
versely, any Calabi—Yau representation with Rk(L) = 1 is automatically quasi-

symmetric.

Given that the general story of magic windows in the quasi-symmetric setting
is worked out in [24], in this section we complete this circle of ideas by proving, in
Theorem 8.8, that the (log-)discriminant locus is a hyperplane arrangement and,
in Proposition 8.14, that it agrees with the combinatorial model used to construct
the large radius representation in [24].

The proof of Theorem 8.8 is based on the following observation:

Lemma 8.3. The representation Ty, C C™ is quasi-symmetric if and only if Vp,

1S a point.
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Proof. Since the image of Horn uniformisation is V,, ([20], Ch. 9, Theorem 3.3a),
Vpr is & point if and only if its Horn uniformisation (see (4) in §3.6) is constant. Ex-
plicitly, this happens precisely when, for all 7, H;’:l (MBj1 +~~-+/\kﬂjk)ﬁji is constant
as a degree 0 element of C(\q,--, \;). Since anjl AmBjm agrees with an:l AmBirm
(up to scaling) if and only if 3; and (s lie on the same line in Ly, decomposing
T (M85 +++ A B )1 into lines as chLD{(ijjd(ZﬁFl AmBjm)Pi") shows that
this is constant if and only if each factor Hj|/3jez(2ﬁq=1 )\mﬂjm)ﬁﬁ is constant for
all ¢ and all lines ¢. Fix a primitive generator £ = (I1,---, 1)) for £ and write each §;

on £ as nj{ for nj € Z. Then

k k
H ( z )\mﬁjm)ﬁgz :( H nf]i)( z_:l )\mlm)zj‘szgﬁji

jlBset m=1 JlBjet

is constant if and only if 3 ;3¢ 8j; = 0. Hence the result. O

Remark 8.4. The proof shows that, in the quasi-symmetric case, V,, has i-th co-
ordinate T, nfj

8.1. Hyperplanes associated to circuits. If I' is a circuit (see Definition 3.31),
Tpy is a rank 1 torus, where we recall that LY contains the weights for the VGIT
on T' (see §3.5). Moreover, as a face which is a circuit is necessarily minimal (see
Definition 3.3), Vanr c TL¥ is a point. If we pick a generator I € Ly, then this
gives a coordinate z on Ty and also allows us to identify LY 2 Z via (-,Ir). Then
™m;

j and

Horn uniformisation tells us that Vanr = {x =cr} c Tyy where ¢ = H?Zl m
mj; = (ﬂj,lr) €.

Remark 8.5. Note that m;nj is positive precisely when m; >0 or m; is even. So cr
is positive precisely when it contains an even number of negative odd terms — that

is, ¥, <0m; € 2Z. In the notation of §4, this is the same as 7. being even.

When we pull V4nr back to Trv under the map induced by p: LY — LY (see
§3.5), it becomes the divisor vV := {z!T = cp}.

Remark 8.6. Since the universal cover L — Trv is given in coordinates by taking
the logarithm, we prefix the pullback under this cover of any object defined on Tpv
by log. For example, the log-discriminant locus is the union of {Log(Aanr) = 0}
over all faces I' ¢ A, where Log := %. As Log is multivalued, {Log(Asnr) = 0}
consists of translates under LY of {Log;,(Aanr) = 0}, where Log, is the single-
valued version of Log with arguments lying in [0,27). Note that A anr extends to a
section of a line bundle on § (see §3.4) and so, when we take logs, we are implicitly
restricting this function to Tpv. In particular, if I is a vertex of A, A 4 is a toric
coordinate on Trv and the corresponding component of the log-discriminant locus

is empty.

With this terminology, Vr is a log-hyperplane — if we pick a basis of L (and
write Ip = (I1,...,l;) in this basis) and corresponding coordinates x; on Tpv, then
2!t = [1; 2k and Hr := Log(Vr) = {(Log(z) € C* | ¥, l;Log(x;) € Log(cr) + Z} is
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a free Z-orbit of complex affine hyperplanes. The upshot to this discussion is that

faces I which are circuits give rise to log-hyperplanes in the discriminant locus.

Remark 8.7. If the original VGIT is quasi-symmetric and we write 8; = n;£ where
(as in the proof of Lemma 8.3) ¢ denotes a choice of primitive generator of the line
¢=(B;) c Ly we can compute:
o) )
er=J] TI (nj<lr,£>)<ll“76j) =TT (TII nyr’ﬂj))(lp,ﬁ)zjlﬂff(lr”gﬂ _ Hnyrﬁﬂ
j=1

ecLy j|Bjel ecLY j|Bjel
where, for the third equality, we used that quasi-symmetry implies }’; Bjet B = 0.
If the original representation is actually self-dual (see Remark 8.2), we may pick
half of the weights, which we index f;, such that all the weights are of the form
+08;. Then the terms in cr corresponding to +08; cancel up to a sign and we get
that cp = £1 where the sign can be worked out using Remark 8.5. This means that
J(Log(cr)) = 0 and hence Hr is the complexification of a real hyperplane. This is

not true for general quasi-symmetric representations.

8.2. The discriminant in the quasi-symmetric case. In this section, we prove
that, in the quasi-symmetric case, all components of the discriminant locus come

from circuits.

Theorem 8.8. The log-discriminant locus of a quasi-symmetric Ty, -representation
is an (affine) hyperplane arrangement. In this case, the hyperplanes are the Hp

arising from the faces I' ¢ A which are circuits as in §8.1.

Remark 8.9. By Remark 8.6, the log-discriminant locus doesn’t contain toric com-
ponents corresponding to vertices of A and so this theorem doesn’t tell us anything
about such components. In general in the quasi-symmetric case it is possible that
the FIPS contains some toric divisors. In fact, the orbifold flop in Remark 8.2
gives such an example as the FIPS has a Zs-orbifold point corresponding to the
phase [C?/Z,]. However, using the description from §5.1 of when a toric divisor
is part of the discriminant, we can see that the FIPS of a quasi-symmetric VGIT
only contains a toric divisor if there is a line and a complementary hyperplane in
Ly such that any weight lies on one of these two subspaces. As such, typically the
whole toric boundary of § is in the discriminant and so the FIPS is actually equal

to log-hyperplane complement in 77v from the theorem.

Remark 8.10. By Remarks 8.4 and 8.7, ¢ = ]'Ij nélr’ﬁj) agrees with the x'T-coordinate
of V,, in the quasi-symmetric case. Hence, V,, c Vr for all circuits I'. By Theorem
8.8, this says that, in the quasi-symmetric case, V,, is contained in all non-toric

components of the discriminant locus (c.f. Remark 3.10).

Lemma 8.11. If the representation Tr, G C™ is quasi-symmetric and I' ¢ A is a

face, then the induced representation Tr,. C C™ is quasi-symmetric also.
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Proof. Recall from (3) in §3.5 that the induced representation has weights p(f;)
for all 4 such that w; € I', where p: LY - L} is the quotient map. Then it follows
from (3) that all the other weights lie in kerp = (Lj)V. As every lift £ c LY of a
line £ ¢ (LY)g is not contained in (L[ )%, then the quasi-symmetry condition for all
lifts ¢ implies the quasi-symmetry condition for £.

O

Proof of Theorem 8.8. By §8.1, we only need to show that if ' is not a circuit,
then Anr doesn’t contribute to E4. Since (non-vertex) redundant faces don’t
contribute to E4, the space Lr of relations in such a I' must have Rk(Lrp) >
1. By Lemma 8.11, as the Tp-representation is quasi-symmetric so is the 717, .-
representation. Then Lemma 8.3 tells us that Va.r is a point and so Vr :=

p*(Vanr) has codimension at least 2. As such, A gqr doesn’t contribute to E4. O

More generally, we note:

Lemma 8.12. If the log-discriminant locus is a hyperplane arrangement, the hy-

perplanes are the Hr coming from faces T which are circuits, as in §8.1.

Proof. Suppose that all the components Vr of the discriminant are log-hyperplanes.
Since Vr = p*(Vanr), this implies that V anr is a log-hyperplane.

As such, we need only prove that if V,, is a log-hyperplane, then Rk(LY) =1,
since it then follows that the T -representation has no zero weights and so is a
circuit. To see the claim, note that the logarithmic Gauss map (see §3.6) of a log-
hyperplane is the constant function. Then Theorem 3.51 implies that V,, can only
be a log-hyperplane if Rk(L") = 1. O

Remark 8.13. This result implies that the secondary fan of a VGIT whose log-
discriminant is a hyperplane arrangement is itself a hyperplane arrangement. In
fact, we expect that such a VGIT is quasi-symmetric. It certainly follows from
Lemma 8.12 that, if Rk(L) > 1, V,, is not part of the discriminant locus and so
must be codimension at least 2. At least in 2-dimensions, this proves the claim as

then V,, is a point and we are done by Lemma 8.3.

8.3. Explicit description of the hyperplane arrangement. We conclude by
showing that our log-discriminant hyperplane arrangement in L¢ agrees with the
one constructed by Halpern-Leistner—Sam in [24], Ch. 3. From Theorem 8.8, we
know that our discriminant hyperplane arrangement, denoted Hgisc, comes from
faces T' ¢ A which are circuits. From §8.1, a circuit has a unique (up to sign) choice
of generating relation Ip € Lr and our hyperplanes are Hr,, := {y € L{ | (Ir,y) =
Logy,.(cr) + n} where n € Z and cr is defined by (5) from §8.1. Note that the real
hyperplane Hj,. defined by I is the hyperplane (Lf)y spanned by complementary
weights from §3.5 and so Hr,, is a translate of (L}.){ in L.
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In order to define their hyperplane arrangement, Halpern-Leistner—-Sam intro-

duce two polytopes in Ly associated to a T -representation:
S:={> a;Bj | a; € [-1,01} = 3][-5;,0]
J J
?::{BGLDVU—%S(L@S%forallleL}

where 7; := max{(l, u) | u € ¥}. Moreover they show (see [24], Lemma 2.8) that for
quasi-symmetric torus representations V = %i. They then define a real hyperplane
arrangement in Ly as the LV-orbit (acting by translations) of the supporting affine
hyperplanes Hp of the facets F' of V. Their hyperplane arrangement, which we
denote Hypg, is then the complexification of this real hyperplane arrangement.
Note that, as the weights span LY, ¥ and V are full-dimensional and so there
is a unique supporting hyperplane Hp for each facet F. Therefore if we write
Hrp ={ye L} |(lp,y) = cr}, then the hyperplanes in Hyrs have the form Hp,, :=
{ye L¢ [ (lr,y) = cr +n}.

These two hyperplane arrangements, Hqisc and Hyrs, cannot be precisely the
same since Logy, (cr) can have non-zero imaginary part (though not in the self-dual
case — see Remark 8.7) and hence Hr, cannot in general be the complexification

of a real hyperplane in L. However we do have:

Proposition 8.14. For a quasi-symmetric Ty -representation, Hqise = Hurs after
translating the latter by —i ¥ ;log(|B;])B; € iLy where |B| is the lattice length of .

Proof. We start by determining the facets of V using its description both in terms
of inequalities and as a convex hull. By adding up all the weights on a ray inside a
given line, we can assume that, for the purpose of determining the facets, on any
line with weights our representation only has weights +43;.

We first describe when 8 € V. As above, since our representation is quasi-
symmetric, we have V = %2. Hence we observe that 3 € OV precisely when 3 =
Y ;a;fB; with aj € [-1/2,1/2] and there is an [ € L such that one of inequalities in the
definition of ¥ is saturated i.e. (I, 8) = +™Z. Since V = 35, & = max{(l, u) | p € V}
and, as V = -V, =% =min{(l, 1) | p € V}. Write (I, 8) = ¥, a;(l, B;) and, swapping
B; for —p; if necessary, suppose that (I, 5;) > 0 for all j. Then we get an equality
(1,8) = 7 by making the coefficient a; of §; such that (I, 8;) > 0 as large/small as
possible. So 8 € 9V precisely when it’s of the form 21,850 +6/2+ Y 31(1,8,)=0 @ Bj -

So we get a pair of facets F, of V, going through Y3(1,8;)0 +3;/2 respectively,
precisely when the set of weights in the real hyperplane H; = {(l,-) = 0} c Ly span
the whole hyperplane. Hence the supporting hyperplanes of the facets F, are Hp, =
{{l,=) = {1, Zjj1,8,)>0 £8;/2) } whenever [ satisfies this property. So for such an [, we
can take lp, =1 and cr, = (I, Xjju,5,)>0 £0;/2). Note that, as ¥ g,)>0 £3;/2 differ
by an element of LY, Hp, y = Hp_ pm4n for some n € Z, so we need only consider
the hyperplanes corresponding to one of these faces. By convention, we choose to
work with F,.
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We now show that there is a face I' (which is necessarily a circuit) such that the
real hyperplanes H;, and H;. in L} are equal. Since the representation is quasi-
symmetric, we have that 2j18;¢ o, B; = 0 and hence we have a positive relation
between all the weights on H;,.. Since H;, is spanned by the weights lying on it,
Lemma 3.47 guarantees that there is a (minimal) face I" such that H;, = (L})g-
Calling Ir the defining equation of (L1-)y, Hi, = H. as claimed.

For this I', we now claim that the real hyperplanes R(Hpo) ={y € Ly | {lp,y) =
cr}y and R(Hr ) = {y € Lg | (Ir,y) = R(Logy,(cr)) + n} are the same for some
n € Z. Hence R(Hp,m) = R(Hr m+n) and so Hyrg and Haisc determine the same
real hyperplane arrangements. To see the claim, recall that cg = (1, 225(1,8;)>0 B;/2)
and hence is a half-integer. On the other hand, cr € Q* so R(Logy,.(cr)) is either
0 or 1/2 when cr is respectively positive or negative. Since H;, = H., it suffices
to prove that cr > 0 precisely when cp € Z. By Remark 8.5, cr > 0 precisely when
(I, Xjiir.8,)<0 B3/2) € Z. By quasi-symmetry ¥ 5,0<0 B/2 = = Xji(ir.8,)50 Bi /2
and so this happens precisely when cp = (Ir, ¥jjur,5,)50 8;/2) € Z.

The imaginary parts of our two hyperplane arrangements, J(Hp,,) = {y € Ly, |
(lryy) = 0} and J(Hrmen) = {y € Ly | (Ir,y) =
general. However, by (5) in §8.1

log(ler|) = log(T T Inyl"™%7) = 3 (i, B;) 1og (18;1) = (Ir, Y- log(1551)5;)

—5=log(ler])}, are different in

J J
So, if we set z := —% > log(1851) B, I(HEm) + 2 = I(Hr men) and so Hp,y, +iz =

Hr p+n and we are done. O

9. THE TRIANGLE VGIT

9.1. Introduction. In this section, we discuss the Triangle VGIT which has a 3d

FIPS and is not quasi-symmetric. We shall construct the fundamental groupoid

representation from two different perspectives, one based on the Lefschetz strategy

(as discussed in §2.4.1) and the other based on the covering strategy (see §2.4.2).
The Triangle VGIT is given by the following toric data:

0-L=732L 75 A N=7%50

where
1 0 O
-1 -1 1
0 1 0 21 01 0 0
QY= JA=1001 2 01 0
-1 1 -1
111111
1 -1 -1
0o 0 1

As all the rays given by A lie in the affine hyperplane ng = 1, this is a Calabi-Yau
VGIT. We note that A is a triangle (hence the name of the VGIT) with all its sides

having lattice length 2. This choice of matrix A corresponds to the ordering of the
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6 Wy w1

w3 w3
%
2 Wo
Ws — W5
We w w1 w
4

FI1GURE 23. A hexagon degenerating to the triangle A with rays labelled

FIGURE 24. The secondary polytope of the Triangle VGIT

rays w; in N indicated in the right of Figure 23. We label by a; the coordinate

function on C° corresponding to e¢; € Z° and set f; := Q(e;).

9.1.1. The phases. Phases of the Triangle VGIT correspond (see Remark 3.23) to
all the possible triangulations of (the whole of) A with vertices at (some of) the
integral points of A.

There are 14 phases in this problem. One way to see this is to view A as the
degeneration of a hexagon in which some pairs of consecutive edges “straighten”
to become edges of the triangle, as in Figure 23. This induces a bijection between
triangulations of A as above and triangulations of the hexagon, which are counted
by the fifth Catalan number c¢; = 14. The secondary polytope with all these 14
triangulations of A is illustrated in Figure 24.

In terms of the geometry, the phase at the back of Figure 24 with the trivial
triangulation is the orbifold [C®/G] where G = Z2? embeds into (C*)? via the
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matrices:
0 -1 0 -1 0 0
(6) 01 = 0 -1 0 , 02 = 0 1 0 ,03 = 0 -1 0
0o -1 0 0 -1 0 0 1

We note that the three coordinate axes in C are the precisely the locus with
non-trivial isotropy, and that, away from the origin, these have isotropy group Z,
corresponding to the 3 subgroups of G of order 2. At the origin, we get the full

isotropy group G. The underlying toric variety has non-isolated singularities and

4

can be described as the hypersurface singularity {zyz = u?} c Coyzu-

The phase for the opposite chamber (in the centre of Figure 24 with the symmet-
ric triangulation) has 3 compact curves which meet (at a unique point) as the axes
in C® do. These are the maximal compact toric cycles. In fact (see [11], Example
5.31 for more details), this phase can be described as Hilb“(C?).

Remark 9.1. Since the triangulations into integral (not just simplicial) triangles
all have 4 triangles, the geometric phases X of the VGIT have e(X) = 4 and so
Ko(X)g has rank 4. As such, any magic window in D*([C®/T7]) should contain

precisely 4 line bundles.

9.1.2. The secondary stack. We observe that the above bijection between trian-
gulations of the hexagon and triangulations of the triangle can be extended to a
bijection between any polyhedral subdivisions (see Definition 3.24) of the hexagon
and triangle which respects the natural partial ordering of refinement. As such, we
get a (combinatorial) isomorphism between these two secondary polytopes. Since
(see [20], Ch. 7, Example 3.6) the secondary polytope of the hexagon is the 3-
dimensional associahedron, we see that the secondary polytope X(A) for the Tri-
angle VGIT is the associahedron shown in Figure 24. By Proposition 3.27, the 9
facets of the associahedron 3 (A) correspond to 9 polyhedral subdivisions of A with
2 free markings — some of these are shown in Figure 4.

The secondary fan can therefore be described as the normal fan to X(A). Al-
ternatively, we can use the more concrete procedure in Remark 3.15 to construct
it directly from the original weights. Either way, we find that the rays of the sec-
ondary fan are generated by the columns of Q' : Z° — Z3 (these are the original

weights 3; for i =1,...,6 plus 3 new ones) where @Q’ is:
21 01 00 0 0O
01 2 010000
R 111111000
Q=10 -11 1 -1 0 1 -1 1 VA =
01 00 O0O0T1O0O0
o 1 0 -1 -1 1 -1 1 1
00 01 0O0O0T1TO0
000010001

Remark 9.2. We note that the secondary fan has an S3-symmetry generated by

permuting the standard basis vectors in LY = 73. This symmetry is induced by the
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S3-symmetry of A. There are 3 orbits of the facets of ¥(A) under this symmetry

and the 3 subdivisions in Figure 4 correspond to representatives.

To get the stacky secondary fan, we need to follow the procedure in §3.4. We
claim that the map 3 describing this structure is @’. To see this, recall Example
3.35. The three subdivisions considered there correspond to the following 3 rays of

the secondary fan (in the above numbering):
p1=R.0((1,0,0)) € R?, pg = Ryo((1,-1,1)), pa = Rug((-1,1,-1))

It follows from the definition of 5 in §3.4 S(e}) = B1 = Q'(eY), B(eg) = 261 +
B2 = Q' (e) and B(ey) = Ba = Q'(e)). As observed in Remark 9.2, the remaining
elements B(e}) € LY are determined by the S3-symmetry of A and so we see that
B =Q’. We note that therefore the stacky secondary fan still has the S3-symmetry
from Remark 9.2.

It follows that the secondary stack can be described as the quotient of the open
subset in (C”)¥ determined by the secondary fan (see §3.4) by (C*)® with weights
A 7% > 75 We set 3 = Q'(e}) for i = 1,...,9 (noting that this agrees with
our previous labels for the weights with ¢ = 1,---,6) and label the facets of X(A)

corresponding to 5; by F;, as shown in Figure 24.

9.1.3. The FIPS. To understand the FIPS, we need to understand the discriminant.
It has 7 components in total corresponding to the 7 faces of A given by A itself
(this corresponds to the principal component V,,), the three edges of A (this gives
three components V;) and the three vertices of A.

In the coordinates a; on C°, the vertex components correspond to the 3 toric
divisors a1 = 0, a3 = 0 and ag = 0. This means that the FIPS lives inside
[C®\Ui-136{a: = 0}/(C*)?], which can be identified with [C®/Z$?] where the
“coordinates” on C* are given by u = az/\/arasz,v = as/\/a1as and w = as//azae
and G = Z2? embeds into (C*)? exactly as in (6) in §9.1.1. As such, we have 3 lines
of Zs-orbifold points in the FIPS degenerating into a G-orbifold point at the one

remaining torus fixed point (corresponding to the origin).

Remark 9.3. This similarity between the orbifold phase of the Triangle VGIT (cor-
responding to a chamber C say) and the description of a small neighbourhood Vg
in the FIPS of the torus fixed point pc (see §5.1) is partially coincidental.

By the discussion of the orbifold case at the end of §3.4, we know that the FIPS
of a VGIT with an orbifold phase [C™ /G] is an open subset (containing the origin
and all neighbouring divisors) of [C" /G] (where n is the number of rays which are
not vertices of A) and the torus fixed point at the origin is pc. Hence, in this
setting, Ve is always a deformation retract of [C" /G]. So in the Triangle VGIT
the only coincidence is that m = n = 3. In general, this does not have to hold.
For example, in the case of Tot(Kpnr-1) flopping to [C" /Z,, ], the FIPS is an open
subset inside [C/Z,].
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Now that we understand the ambient space, we turn to understanding the 4
remaining components of the discriminant. Following §3.1, we consider the family
C* of superpotentials given by W = 2(a12? + aszy + azy® + ayw + asy + ag). Then
Vpr is given by the discriminant of W, namely those a; for which W has a critical

point in (C*)3. This can therefore be described as:

al (12/2 0,4/2
det| as/2 a3 as/2 |=0
aqf/2 as/2  ag

Similarly, V; is the discriminant of the quadratic polynomial in one variable corre-
sponding to restricting W to the edge opposite wy, ws and wg for ¢ = 1,2,3 respec-
tively. Assuch, Vi = {azag = 4a2}, Vo = {a1a¢ = 4a3} and V3 = {a a3 = 4a3}. So the
FIPS is the complement of V,,, U2, V; inside [C? /G]. In the coordinates u,v,w

above, this can be written as [C*\{u? = 4,v% = 4, w? = 4,u® + v® + w? = wow +4}/G].

Remark 9.4. One checks that V,, has a unique singular point inside [(C3 /G], which
is a node at (u,v,w) = (2,2,2).

Remark 9.5. We can also think about the discriminant locus inside the secondary
stack § (see Definition 3.42). In this case, the discriminant comprises the toric

divisors a; =0 for i = 1,3,6,7,8,9 as well as the 4 non-toric components above.

9.2. The Lefschetz strategy. Now that we understand the FIPS of the Triangle
VGIT, we turn to proving that its fundamental groupoid acts. Recall from §2.4.1
that our basic strategy is to reduce the problem to constructing representations
on the simpler VGITs which arise on the boundary of the secondary stack. We
have already met some of these in Figure 4. Then the reduced problem will be to
construct representations of w1 (FIPS(F;)), where F; is the face of the secondary
polytope corresponding to /3; € LY (see Figure 24) and FIPS(F;) is the complement
of the discriminant in the corresponding toric divisor D} c § (if this divisor is a
(toric) component of the discriminant, we don’t delete this component so FIPS(F;)

is always non-empty).

Remark 9.6. Calling this complement FIPS(F;) is an abuse of notation because
this space is not the FIPS of any Calabi-Yau VGIT in general. However, for the
faces F; in the Triangle VGIT, FIPS(F;) will actually either be the FIPS of such a
VGIT or a product of two such FIPS.

The crucial thing that allows us topologically to reduce to the boundary is that
we can find an ample (reducible) toric divisor D on § such that all its compo-
nents meet the non-toric part of the discriminant “transversely” (see the discussion
following Lemma 9.20). In particular, all the torus invariant curves Z(W) in D
intersect exactly one component of the discriminant and do so transversely. In gen-
eral; to describe the topology of a neighbourhood of D in the FIPS we would have

to include additional near large radius paths, living in the push-offs (see §5.2) of
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the large radius curves Z(W), as well as additional relations between these, living
in the push-offs (see Remark 5.17) of the large radius divisors D] which make up
D. Here transversality implies that these push-offs still look like Z(W) and Dj
respectively — that is, there is no distinction between large radius and near large
radius near these curves and divisors. As a result, it is enough to construct the
representation on all of the divisors D) contained in D and check that these glue

together over the curves Z(W') where two such divisors meet.

Remark 9.7. Though the details in this section are specific to the Triangle VGIT,
we expect that, whenever we can find a divisor D as above, very similar arguments
would allow us to reduce constructing the representation of 7, (FIPS) to construct-
ing representations of my(FIPS(F;)) where F; label the facets corresponding to

components of D.

Remark 9.8. We note that there are curves Z(W) in § which intersect more than
one component of the discriminant. In fact, for the particular ample divisor D we
will choose, any curve Z(W') not in D has this property — this is one reason for
our choice of D in the first place. One can check that the curves not in D meet
two components of the discriminant — namely, V,, and one of the V; — each with
multiplicity one. So understanding the near large radius representation near these

walls would involve SODs.

We’ll now go over the strategy for proving this result. We’ll then fill in the

missing details in later sections.

(1) First we delete the locus Y = U;_g,45 D; from the FIPS to get FIPS? :=
FIPS\Y. Noting that Y is the union of the toric divisors in the FIPS, we
see that the stacky locus of the FIPS is contained in Y. This locus causes
technical complications, both for the Lefschetz hyperplane theorem and
for the existence of some push-offs that we will need. By Proposition 7.2,
we know that m (FIPS) is just the quotient of 71 (FIPS®) by the meridians
around D/ (for i = 2,4,5), which are precisely the toric loops a/*. Therefore,
to construct our representation p, it suffices to construct a representation
of 71 (FIPS?) which acts trivially on a®. Since the representation p we
construct on 71 (FIPS?) will act in the canonical way (see §5.1) on toric
loops (including o), this property will be automatic as the corresponding
line bundles are trivial (since the divisors making up Y are in the FIPS).

(2) Using the Lefschetz hyperplane theorem (see Corollary 9.14) with the toric
hyperplane D := 4(D] + D5 + Dg) +6(D% + Dg + D), we'll see that there is a
family depending on € € R, of neighbourhoods U, of D in FIPS? which, for e
sufficiently small, contains the homotopy 1-type and so w1 (FIPS?) = 7 (U.).

(3) So we want to understand my (U,). For this, we’ll introduce another family
of neighbourhoods of D in FIPS® depending on ¢ € R,y called Vs. By
construction, we understand the topology of Vs better than that of U.. We’ll
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show (see Lemma 9.18) that they are homotopy equivalent for § sufficiently
small and so we can work with Vs instead.

Explicitly, Vj is defined by gluing together near large radius regions near
torus invariant divisors, curves and points in D. Specifically, recall the near
large radius regions Vg, Vi and V¢ from §5.2 near these respective toric
subvarieties, where § is a ray of the secondary fan, W is a 2-dimensional
cone and C is a chamber. The construction of these regions depend on
certain choices, but, having made all these choices (see Lemma 9.17), we
can define the region V5 := UV, uU Viv, uUVp, © FIPS? which will be a
neighbourhood of D in FIPS®.

By the van-Kampen theorem, m (V) is obtained by gluing together the
fundamental groupoids of the cover. Moreover, we know from Proposition
5.20 how to define our representation on near large radius regions Vg and
Vi near torus invariant points and curves respectively. This is because
there are no near large radius complications for the curves Z(W) in D, as
we remarked at the beginning of this section. We also know from Remark
5.24 that the representations on these regions near points and curves glue
together canonically to give a representation p of the fundamental groupoid
of the region UVe, ulUWw, c Vs c FIPS?.

Now we want to define the representations p’ on m1(Vs,). Recall that the
regions Vi, and Vg, come with a fibration structure, which here we denote
by mw, and mg, respectively. Then the base B of this fibration is a punc-
tured 2-dimensional polydisk and a punctured disk respectively. Therefore,
the fibres 7751}], (b) and Wé} (b) are 1- and 2-dimensional respectively and play
the role of the push-off of the large radius curve Z(W;) and large radius di-
visor FIPS?(F;), where FIPS®(F;) is the complement of the toric boundary
in FIPS(F;). Then Remark 5.17 tells us that 7 (V3,) Wl(wéil(b)) x (af)
where the action on m (Té}(b)) is by monodromy around B. Since the
discriminant locus is transverse to D, we get (see Lemma 9.20) a homo-
topy equivalence Tl'Bl(b) ~ FIPS°(F;). We've already remarked that the
monodromy in Viy near the large radius curve Z(W) is trivial. We'll see
that all the generators of Wl(ﬂéil(b)) live in regions of the form Vy and so
it follows that the monodromy action on 7y (Wél(b)) is trivial. Therefore
71 (Vg,) = m (FIPS(F;)) x ().

Up to the S3-symmetry of the Triangle VGIT, there are only two possibili-
ties for FIPS®(F;). For i = 7,8,9, FIPS?(F;) can be described as the hyper-
plane complement from Example 7.6 (with the coordinates axes deleted).
Hence 7 (FIPS?(F;)) has a simple presentation, generated by large radius
paths subject to 4 additional explicit relations. For i = 1,3,6, FIPS(F}) is
exactly the FIPS of the Pentagon VGIT from §7.3 and so again we have
already described an explicit presentation generated by large radius paths

in Proposition 7.25.
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Given these explicit presentations of 71 (FIPS®(F;)), we can construct
a representation of them on the Triangle VGIT. Moreover, this extends
naturally (o acts by tensoring by the corresponding line bundle) to give
representations p’ of 71 (Vp,) for i in D.

(7) Finally, we check that p’ and p glue together on intersections.

Remark 9.9. In (1), we remarked that, since the FIPS is stacky, we want to delete
the stacky locus and work on FIPS® instead. Alternatively, we could just use
a stacky quasi-projective Lefschetz theorem but, unfortunately, such a theorem
at this level of generality doesn’t seem to exist yet (though see [23] for a stacky
projective Lefschetz theorem). As such, we adopt a roundabout approach to using
the Lefschetz hyperplane theorem by passing through the coarse moduli space |§|,
which is a singular toric variety, and using the quasi-projective Lefschetz theorem

for singular schemes which we review in §9.2.1.

So what we have left to check is as follows:

(1) (§9.2.1) Check that D is ample and use the Lefschetz hyperplane theorem.

(2) (89.2.2) Pick the data defining the regions Vj, for each D;j in D, Vyy, for
each wall W; in D and V¢, for each chamber Cj in D. These regions all
depend on 0 € R, but we drop this from the notation. This data defines
Vs.

(3) (8§9.2.2) Prove 71 (U,) = m1(Vs) for § sufficiently small.

(4) (§9.2.2) Prove that the 2-dimensional fibre 71'51(()) of mg, : Vg, > B is ho-
motopy equivalent to FIPS?(F;).

(5) (§9.2.3 and §9.2.4) Construct representations p : w1 (FIPS°(F;)) — Cat;
for each ¢ in D. By the S3-symmetry, we actually need only do this for
i=1,8.

(6) (§9.2.5) Check that p and p’ glue together

Remark 9.10. It will follow from our eventual description of 71 (FIPS) that the
fundamental group based at the phase which is isomorphic to Hile((Cs), which
here we call X3, is generated by toric loops plus certain loops consisting of large
radius paths. Up to the S3-symmetry, in fact the generating loops of the second
type live solely in the push-off of FIPS(Fy). If we pick 5 basepoints p; near the
torus fixed points pe, in D] (see Figure 26), such loops are roughly given by:

(1) Going from ps to p1 and back to ps, looping the component V,,.

(2) Going from ps to p and back to ps, looping the component V,,..

(3) Going from p3 to py, then to ps and back to p; (looping the component V1)
and finally back to p3 along the original path.

(4) Going from p3 to ps, then to ps and back to ps (looping the component V1)
and finally back to p3 along the original path.

The corresponding autoequivalences are as follows:

(1) We let Xy be the phase corresponding to C; and Z, 5 denote the curve in

X3 corresponding to the codimension 1 cone generated by the rays w4 and



95

ws. Then Zys is a P' with Ny, _/x, = Op1(~1)®2. Then looping V,, gives
a spherical twist around a sheaf supported on Zy 5.

(2) We let X5 be the phase corresponding to Cy and Z; 5 denote the curve in
X3 corresponding to the codimension 1 cone generated by the rays ws and
ws. Then Zs 5 has the same normal bundle as Z4 5 and looping V,,. gives a
spherical twist around a sheaf supported on Zs 5.

(3) Use a window equivalence to identify X3 with the phase X;. In X1, the toric
divisor Dj is fibred over a base C with fibre a P! and Npyx, 2Op,(-2), so
this is a family of (—2)-curves. Then the auto-equivalence corresponding to
looping around V; is a family version of spherical twists around (-2)-curves
in a surface. In particular, this auto-equivalence is supported on Ds.

(4) Use a window equivalence to identify X3 with the phase X5. Again, the toric
divisor Dj is fibred over a base C with fibre a P* and Np,,x, = Op,(-2),
so this is a family of (-2)-curves. Then the auto-equivalence corresponding
to looping around V; is again a family version of spherical twists around

(-2)-curves in a surface and hence supported on Ds.

9.2.1. The Lefschetz hyperplane theorem. The version of the quasi-projective Lef-

schetz hyperplane theorem that we will need is:

Theorem 9.11 ([26], Theorem 1.1.1). Let X be a projective subvariety in PV,
Z c X a subvariety and L a hyperplane in PV such that X\(Z U L) is non-singular.
Identifying PN\L with (CZ we let Vr(L) = PY\{X|z> < R} be a tubular
neighbourhood of L in PN . Then X\Z has the homotopy type of a space obtained
from V(L) n(X\Z) (for R sufficiently large) by adding cells of dimension at least
dimgc(X) (where this homotopy equivalence is the identity on Vr(L) n (X\Z)).

s 2N

One can prove this via Morse theory analogously to Andreotti and Frankel’s
proof of the usual projective Lefschetz theorem [2]. The subtlety is controlling the
(pseudo-)gradient flow so that it preserves Z, which can be very singular. The key
technique for doing this is using an algebraic Whitney stratification of X such that

Z is a union of strata. We’ll return to this in Lemma 9.20.

Remark 9.12. This theorem should be enough to see the claim in Remark 6.25
that, when the FIPS is 2-dimensional, 71 (U) generates 71 (FIPS) where U is the
union of the near large radius regions Vy for all walls W. Certainly, it follows from
the theorem that some tubular neighbourhood of the toric boundary generates
7m1(FIPS) by taking X = |§|, Z the discriminant and L an ample (reducible) toric
divisor containing all irreducible toric divisors with multiplicity at least 1. Then,
noting X\L 2 Trv is smooth, the homotopy 1-type of the FIPS (= X\Z) is generated
by Vr(L) nFIPS, which is a tubular neighbourhood of the toric boundary in the
FIPS. This tubular neighbourhood should be homotopic to U by a similar argument
to Lemma 9.18 below, but we haven’t checked the details.
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We apply Theorem 9.11 to the Triangle VGIT as follows. Recall that we denote
the toric divisor in § corresponding to §; by D.

Lemma 9.13. The torus invariant divisor (invariant also under the Ss-symmetry)
D = a(Dj + D} + D§) + b(D} + Dg + D) is ample precisely when a > 0,b > 0 and
2a>b>a.

Proof. By standard toric geometry ([14], Theorem 6.1.14), we need to prove that the
piecewise-linear function on the secondary fan which sends g; —» —a for i = 1, 3,6,
Bj = —bfor j = 7,8,9 and By ~ 0 for k = 2,4,5 is strictly convex. This is a

straightforward computation. O

Now let |§| be the singular toric variety corresponding to the secondary fan —
that is, the coarse moduli space of §. Then it follows from [14], Theorem 6.1.14
that D :=4(D] + D5 + Dg) + 6(D7, + D§ + D) is a very ample divisor on |§| and we
take |§| embedded in P by the complete linear series on D. As such, we have a
hyperplane L ¢ PV such that Ln|§| = D. Let Z := Ujoy....9 DiUV,UUj12.3 V5 € |3
be the union of all components of the discriminant as well as the 3 toric divisors in
the FIPS, so that |§|\Z = FIPS°.

Corollary 9.14. Define U, := PN\{ﬁ > e} N FIPS®. Then U, for e sufficiently
small, has the same homotopy 1-type as FIPS®. In particular, 71 (FIPS®) = m (U,).

Proof. Take X = |§| and Z and L as above. Then X\(Z u L) c Tv is non-singular
so we may apply Theorem 9.11. As dim(X) = 3, we get that X\Z = FIPS? has the
same homotopy 1-type as V; (L) nFIPS® = U, for e sufficiently small. O

9.2.2. Near large radius regions near D. In this section, we define the various near
large radius regions whose union is a neighbourhood Vs of D in FIPS® and prove
the fiddly results which describe their topology.

Most of the notation here aligns with §5.2. Additionally, recalling that (; define
the rays of the secondary fan, we let W; = (5;, 5;) be the wall — that is, codimension
1 cone in the secondary fan — generated by §; and 3; when this really is a cone of
the secondary fan and W;; = @ when it isn’t. Similarly, we let Ci i = (8i, 85, Bk)
when this is a maximal cone of the secondary fan and Cj;; = @ when it isn’t.

Recall from §5.2 that to define the near large radius region Vi c FIPS® near the
large radius curve Z (W) we need to pick a fibration structure. This is determined by
choosing S € LY such that (Bw, Aw ) = 1 (here Ay € L is either choice of primitive
normal to W) and then the corresponding 1-dimensional fibres will be contained
in By -orbits. Similarly, to define the fibration structure on the near large radius
region Vp near a toric divisor, we need to pick Ag € L such that (8, \g) =1 and the
fibres will live in orbits of the rank 2 torus Tpy, where Ly ={{(-As) =0} c LY.
Recall from Figure 24 that there are 13 non-empty chambers C;;;, near D, 18 non-

empty walls W;; near D and 6 rays 3; near D. Up to the S3-symmetry of the
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secondary fan, we need only focus on 4 of these walls (say Wig, W15, Wis, Wss) and
2 of these rays (say (1, 8s). For these walls and rays, we pick the following data:

e Mg =(1,0,0), g, = (0,-1,0)

* By = (0,1,0), By, = (0,0,1), Bw,s = (0,0,1), By = (1,0,0)

Now that we have fixed the fibration structure, we need to pick the subsets V3,
and Viy,, near D; and Z(W;;) respectively. This amounts to two choices:

e A closed subset Ey,; c Tpvw,, of the open torus inside Z(W;;) which is a
deformation retract and a similar region Eg, ¢ Tpv/g, inside the open torus
in D} such that FIPS®(F;) n Eg, c FIPS°(F;) is a deformation retract. We
then consider only points in § which limit under any of the 1-PS in the
relative interior of the wall W;; to Eyy,, and similarly only points which
limit under g; to Eg,.

¢ Having made this choice, we then need to shrink the base B’ of the fibration
to a region B in order to guarantee that it remains a fibration when we

delete the discriminant.

Remark 9.15. This section would be a lot simpler if we could just pick regions Vp,
near each divisor D] in D which together form a neighbourhood of D. Unfortu-
nately, as we have seen in 2-dimensions, we can’t just take Eg, = Trv,3, because
the rank 2 TLZ% -orbit (in which the fibres of mg, live) typically limits to multiple
divisors in §. As such, the whole of this orbit doesn’t remain near D] and we
have to define Vj, using a region Eg, which is strictly smaller than TLLVE,;' But then
Vg, NV, is strictly smaller than Viy, and so the regions Vs, on their own won’t

form a neighbourhood of D. Thus we are forced to add in regions of the form Vyy, .

We also need these regions to depend on § € R, in such a way that, as 6 - 0,
these regions shrink down to the corresponding divisor D] and curve Z(W;;). We
accomplish this by picking an explicit punctured (poly)disk B in the base of the

fibration which depends on §, as we now describe.

e Since there are no toric divisors in FIPS?, we must delete the fibre over the
torus fixed point 0 € B’ for Vj to be a subset of FIPS?. Thus 7z : V3 — Bisa
fibration over a punctured disk B. Here B has a natural coordinate b coming
from the natural coordinate on the toric variety B’(z C) in which it sits.
Then we can take B = Bs = {|b| < §} ¢ C* and so the subset Vg also depends
on §. Explicitly, if we take coordinates X, Y, Z on the torus Tpv such that
ng(b) =2 = X and Y, Z € L are invariant under the 1-PS 3; — that is,
lie in the hyperplane defined by 3; — then Véi ={|X|<6,(Y,Z) € Eg,}.

e Recall (see §5.2) that 7wy : Viy - B is only a fibration away from a divisor
Z c B where B is a punctured polydisk. However, in this case, as all the
walls W near D have intersection multiplicity my = 1, my is a fibration
over all of B. The affine toric variety B’ for the walls Wyg, W15, Wig is just
C}, 4, and for Was is the smooth orbifold [C . /Z2] (B’ is an orbifold
here because Z(W;g) supports a Zg-orbifold locus — see §9.2.3). Then we
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can take B = Bs = {|bi| < d,|ba| < 6} c (C*)? for the first 3 walls and
B = B; = {|b1] < V/3,|b2| < 6}/ Zy c (C*)?] Zy for Wsg. Again the subset
V‘jsv also depends on §. Explicitly, if we take coordinates X,Y,Z on Tpv
such that mjy, (b1) = X, 7y, (b2) =Y and Z = 2*Wis then Vvévij = {|X] <
0,[Y|<6,Z € Ew,,}.

e For the punctured polydisk Vi, we pick a description of the toric open set
Uc c § as [C?/G] with coordinates b; on C® for i = 1,2,3. Then we can
choose V& = {|b1| < 8, |ba| < 6, |b3] < 3}/G c (C*)3/G.

So each near large radius region we are considering depends on a choice of §
which in principle we could vary independently. But we are looking to glue all of
these regions together to construct a single family Vj of neighbourhoods of D in
FIPS® which depends on § and shrinks down to D as § — 0. As such, for each
Bi, we're going to pick an increasing continuous function f; : R,g - R.g and take
Vﬁi i) ag part of our neighbourhood. Similarly for W;; and Cj;, we're going to pick
fi; and f;jx and take the corresponding subsets ijlc,ijj(é) and Vg::(é) as part of our
neighbourhood. .

Remark 9.16. Note that, in order to maintain the property that the union of these
regions is a neighbourhood on D for all § sufficiently small (as in (1) in Lemma
9.17), the regions Eg, and Ew,; also need to depend on ¢ — in fact, they should

grow with ¢, since the punctured polydisks V¢ ., shrink with §.

ijk

The next lemma says that, for every §, we can make all these additional choices
in such a way that we can guarantee that their union is a neighbourhood of D in
FIPS®. Moreover, it says that, for every §, we can choose the intersections between
these regions to be particularly simple. This will make the gluing relations between
the representations p’ on different faces transparent when we come to check them
in §9.2.5.

Lemma 9.17. We can define subsets Vﬁ{i(é) c FIPS® near each D in D, VV{}L(‘S)
near each Z(W;;) in D and VC]:Z:((S) near each torus fized point in D which have
the following properties:

(1) If we define:

Vs = UV o Uvilr @ uUvE©® c Fipse

then Vs c Vs for ' <& and the closure Vs in |§| is a neighbourhood of D.

(2) Noyo Vs =D

(3) The subsets respect the Ss-symmetry (see Remark 9.2)

(4) Two of these subsets meet precisely if one of the corresponding toric subva-
rieties of |§| is contained in the other.

(5) ng(é) N VVJ;Z(&) c VV]&;((S) (where VV{};_((S) =g if Wi; = @) is a deformation
retract

(6) VB{i(é) r‘anZ:(é) c VC]:Z:(‘S) (where Vg:j:(é) =@ if Ciji, = @) is a deformation

retract
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(7) VV{,”;((S) N VC{::(‘;) c VCfZ:(é) is a deformation retract

Proof. This is elementary but tedious so we don’t give all the details. Start by
taking coordinates on Tpv 2 ((C*)g(}y’ » which correspond to the standard basis in
LY =73 As Ag, = (1,0,0), 21 = X is the coordinate on the base B and Y, Z
are invariant under 3; so Vﬂ‘sl = {|X] <6,(Y,Z) € Eg, }. We can choose Ej, =
{IY| < 1/6,|Z| < 1/6}: this is a valid choice of Eg, because the co-rank 1 torus
orbit X =4 in Vgl stays bounded as Y — 0 and Z — 0 — otherwise, we would
have to delete a small neighbourhood of ¥ =0 and Z = 0 from Ej3, too. With this
choice, Vgl = {|X] < 4,|Y| < 1/6,|Z] < 1/6}. Then the Ss-symmetry implies that
Ve ={|X|<1/6,[Y|<1/8,|Z| < §}. Hence V§ nV§ ={|X|<6,|Y|<1/6,|Z| <6} for
§ sufficiently small. But fw,, = (0,1,0) and so X, Z are coordinates on the base
B and, as Aw,, = (0,1,0), 2™ =Y and so Vij, = {|X[ < 6,1Z] <6,V € Ew, }.
Hence if we define Ew,, ¢ Z(Wig) to be the cylinder [Y| < 1/§, we see that we
can guarantee Vﬁ‘s1 n VB‘S6 = V‘jf,w in this case. Continuing in this way, we can find
the other near large radius regions and check the relevant properties. Note that in
general, we are not able to guarantee that the intersections are actually equal, just

a deformation retract of the smaller one. O

We assume from now on that we have fixed such a choice of regions for each
0 and drop the explicit choices from the notation. For example, Vg, will refer to
Vﬁfii(é) with a choice of Eg, as in Lemma 9.17.

Lemma 9.18. For € sufficiently small, U, is homotopy equivalent to V.

Proof. Tt suffices to show that:

e For any ¢ sufficiently small, we can find e such that U, c Vj
e For any e sufficiently small, we can find ¢ such that Vs c U,
e For any ¢ < e sufficiently small, the inclusion Us c U, is a homotopy
equivalence.
e For any ¢’ < ¢ sufficiently small, the inclusion Vs c Vj from Lemma 9.17
(1) is a homotopy epimorphism.
To see that these four properties are sufficient, use them to find a V5 c U, and
a Uys c Vs. Then the inclusion U, c U, is a homotopy equivalence which factors
through Vs and so U c Vj is a homotopy monomorphism. Now find a Vj c Ue.
Similarly the inclusion Vs c V5 is a homotopy epimorphism which factors through
U. and so the inclusion Uy c Vs is a homotopy epimorphism. Being a homotopy
monomorphism and epimorphism is enough to guarantee that the inclusion U, c Vs
is a homotopy equivalence.
We now check these properties:
e For contradiction, suppose we could find a sequence z; € Vs, with §; | 0 such
that ; ¢ U.. Then the closure Vs in |§| is compact and so some subsequence
z; converges to z € V5. But then z € V5 = D by (2) in Lemma 9.17. But
z; ¢ Uc means that f(z;) > e where f:= ﬁ :|§] = [0, 00] is the function
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in the definition of U.. Thus f(z) # 0. This is a contradiction as f vanishes
precisely on D.

For contradiction, suppose we could find a sequence z; € U, with ¢ | 0
such that x; ¢ V5. Then the closure U, of U, in |§| is compact and so
some subsequence x; converges to x € U.. But then z € NU. = D since
U. = {f <€} where f is the function above. But, by (1) in Lemma 9.17, Vs
is a neighbourhood of D in |§| and so x; € V; for ¢ sufficiently large, which
is a contradiction.

The fact that U, is homotopy equivalent to U, follows immediately from
[26], §1.4.3. This is basically because we can modify the gradient flow of f
to preserve the discriminant.

To show that the inclusion Vj: c Vj is a homotopy epimorphism, it suffices
to construct a vector field on V5 whose time-1 flow is contained in Vy.. To
do this, we first construct a nowhere-zero vector field on each near large
radius region V? (this notation refers to any of the regions Vgi , va,ij , Vgijk
and should not be confused with their union V) in our cover whose time-1
flow is contained in V. By construction, on each region we can find a 1-PS
of Trv whose flow preserves the closure V? in || and shrinks the (poly)disk
in the base B. In fact, any 8 € LY in the interior of the corresponding cone
of the secondary fan will do. Then the time-1 flow sends V? to V' for
8" < 6.

Unfortunately, this flow doesn’t preserve the discriminant in general but,
near the discriminant, we can modify it using an algebraic Whitney strati-
fication as in the proof of Lemma 9.20 so that it does whilst continuing to
preserve V°® and shrinking the (poly)disk in B (it follows that this vector
field is nowhere-zero). As such, this modified time-1 flow still sends V7
to V% and hence sends V? to V? as desired. We note in passing that,
because we only need our flow to send V? to V9" and not to D, we do not
need transversality of D to the discriminant here since the fibres of the
fibration on V? away from D are already transverse to the discriminant (by
our choice of B).

Having constructed these vector fields on each region in our cover, we
then use a partition of unity to glue them together to get a vector field on
Vs. Because we are forming positive linear combinations of vector fields
which preserve the discriminant, the glued vector field also preserves the
discriminant. Moreover, because each vector field shrinks the corresponding
(poly)disk in the base and we are taking a positive linear combination of
them, the glued vector field also has this property. As such, it is nowhere-
zero and, in fact, its flow must send Vs to Vs. This implies that the flow
sends Vs to Vs as desired.
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Remark 9.19. We note that in the proof we don’t use any form of transversality to

D so we could hope that this result holds more generally.

We now turn to understanding the push-offs into FIPS? of the toric divisors D
that make up D.

Lemma 9.20. The fibre 7r51 (6) of mg, : Vs, = B is homotopy equivalent to FIPS®(F})
for alli in D.

What makes this result possible is that the discriminant is “transverse” to the
divisors in D. As we have already remarked in §2, the discriminant is singular —
in fact, it’s reducible — and so here transverse doesn’t make sense. We’ll see in
the proof that what matters is that each toric divisor D} in D is transverse to
every stratum of an algebraic Whitney stratification (see [21], Part 1, §1.2) of the

discriminant locus.

Remark 9.21. Whilst the proof below involves explicit descriptions of the various
regions, the only property of the discriminant which it uses is that the components
of the discriminant and their intersections are smooth near D. This allows us to
construct a particularly nice algebraic Whitney stratification which is easily seen

to be transverse to D.

Remark 9.22. In principle, we need to know the same result for the 1-dimensional
fibres of mw,, — that is, that they are homotopy equivalent to the complement of
the discriminant in Z(W;;). However, this is immediately clear from the explicit
description of these regions in §5.2 since the intersection multiplicity my,, = 1
and so the fibres of my,; are cylinders punctured at a single point. Nonetheless,
if we wanted, we could use a similar proof to construct a flow which realises this

homotopy equivalence.

Proof. By our choice of Eg,, Eg, nFIPS?(F;) is a deformation retract of FIPS®(F;).
The basic idea of the proof is to observe that mg, extends over the closure Vg, to
the proper map 7'('231_ : Vg, » B’ (from the construction of Vj, in §5.2) such that,
if we delete the non-toric parts of the discriminant, the fibre of 71';31 over 0 € B’
is Eg, n FIPS°(F;) and the fibre over § € B’ is wé}(é) As such, it will suffice to
identify fibres of 71'231_ near 0 in such a way as to preserve the non-toric parts of the
discriminant. This identification uses Thom’s first isotopy lemma (see [21], Part 1,
§1.5) which is valid because of the transversality mentioned above. In what follows,
we shall construct a flow giving rise to this identification explicitly, as we will need
the identification to have certain properties (see Remark 9.23) in §9.2.5.

Firstly, by (3) from Lemma 9.17, we have chosen Vj, to respect the S3-symmetry
of the Triangle VGIT and so it will suffice to prove this for coset representatives of
the faces F; in D — here we choose i = 1,8. The standard basis of LY = Z* identifies
Trv = (C*)% y.z insuch a way that X,Y, Z are coordinates on the toric open subset

Uc,ss Of [§]- In particular, these give coordinates near D;. Then one checks that
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X'=XY,Y' =Y ! and Z' = YZ give coordinates on the toric open subset Uc,,.
which is near Dsg.

For i = 8, we therefore use coordinates X',Y”, Z’. Since Ag, = (0,-1,0), 2% =Y’
and so Vg, c FIPS is of the form {|Y'| < 6,(X’, Z") € Eg, }, m51(0) is the hyperplane
{Y" =6} c Vg, and DgnUcg, = {Y' =0}. In these coordinates, V1 = {Z’' = 1/4}
and Vs = {X' = 1/4}. Moreover, we shall see in §9.2.3 that these are the only
two components that meet Dg. As such, for ¢ sufficiently small, Vg, is just the
complement of these two hyperplanes (and the toric boundary) in the closure Vj,
in |§|. Then it is straightforward that the gradient flow of |Y’|? on Vj, preserves Vj,
(and fixes Ep, in Dg) and the limiting flow identifies 75} (8) with Eg, n FIPS®(Fg).

For i = 1, we use coordinates X,Y,Z. Since 1 = (1,0,0), 2* = X and V3, c
FIPS? is of the form {|X| <6, (Y, Z) € Eg, }, m3! (6) = {X = 6} ¢ Vj, and D{nUc,,, =
{X =0}. In these coordinates, Vp, = {4XYZ+1=X+Y +Z}, v, ={YZ =1/4}.
Moreover, we'll see in §9.2.4 that only these two components of the discriminant
meet the toric divisor D]. As such, for § sufficiently small V3, is just the complement
of these two components (and the toric boundary) in the closure Vg, in |3|.

Unfortunately, this case is harder than the i = 8 case as the gradient flow of | X|?
does not preserve the discriminant. However, we can modify the gradient flow of
| X |? such that it does. To this end, we pick an algebraic stratification of the closure

Vs, as follows. Let
‘/O = Vpr n vl = {Y =Z-= 1/2}7‘/1 = VpT\%v ‘/2 = vl\v()?‘/:g = Vﬁl\vl u Vpr

Then V = {V;} is a stratification of Vj, with non-singular strata such that the
discriminant Z = U;- 1,2 V; is a union of strata. Moreover, since the closure of each
stratum in Vj, is smooth, it follows that )V satisfies Whitney’s condition b) (see
[21], Part 1, §1.2).

An easy check confirms that the toric divisor D] in § is transverse to all the strata
V;. Then, as in [26], §1.3.4, we can modify the gradient vector field of | X|* near the
discriminant in Vj, so that the new vector field preserves the discriminant. To see
this, starting with V) and working up to Vﬁl, Whitney’s condition b) guarantees
that we can find a vector field v on an open neighbourhood U of Z in V3, which
preserves each stratum and which lifts (under 7 ) the gradient vector field of [X|?.
As each torus invariant curve Z(W) in D] is transverse to the discriminant, the
part of the boundary 9V, near Z(W) is also transverse to the discriminant. As
such, we can assume that v is tangent to these parts of the boundary in U — that
is, the subset {(X,Y,Z) eU | (Y,Z) € 0Eg, }.

Using a partition of unity to glue together v on U with the gradient vector field
of | X|? outside U gives a vector field on Vs, which preserves Z (and the “horizontal”
part of the boundary mentioned above) and identifies fibres of 7T,61' Therefore the
limiting flow identifies W’B‘ll(é ) with Ejg, in such a way that the open subset 71'511(5)
of the former gets identified with Eg, nFIPS?(F}). This is what we wanted, so we

are done. O
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Remark 9.23. Here we collect a few properties of the homotopy equivalence con-
structed in the proof of the previous lemma which will be needed in §9.2.5 to check
the gluing relations between the representations p® associated to different faces.

Away from the (non-toric parts of the) discriminant, the flow is just the gradient
flow of | X|? where X = 2 is the coordinate on the torus Tpv defining the fibration
mg, on Vg,. As toric loops o? in wé}(é) are not near the discriminant, this means
that they get identified with toric loops o in FIPS(F;) where 8= 3¢ L"/3;.

As the flow preserves the horizontal part of the boundary, it identifies the region
Vw,; NV, ¢ Vg, with a region near Z(Wj;) inside Eg, n FIPS®(F;). Moreover, it
sends large radius paths living in a fibre m}}u (b) in this boundary (hence contained
in a Bw,,-orbit) to large radius paths which live in a By, -orbit, where By, :=

Buw,, € LY[B:.

9.2.3. Representation for the face Fg. In this section, we describe the secondary
stack for the VGIT on Fg, which we call §(Fg), and the complement of the dis-
criminant in §(Fg), which we call FIPS(F5). We then construct a representation
p8 of m (FIPS®(Fg)) on the phases of the Triangle VGIT, where FIPS®(Fy) is the
complement of any remaining parts of the toric boundary in FIPS(Fg).

The polyhedral subdivision associated to Fg (shown in the middle of Figure 25
(L)) is the product of 2 independent VGITs — that is, to get the phases we can
triangulate each polygon independently of the other. As such, F(Fg) is the product
of the secondary stacks of the constituent VGITs and hence §(Fg) 2 P(2,1)xP(2,1)
(with coordinates (b1,b2) for the first factor and (bg,bs) for the second).

Alternatively we can see this directly by quotienting LY by fs = (1,-1,1) via

ps: LY =7 » LY [Bs 2 77 (x,y,2) = (x +y,y + 2)

and checking that the projection of the stacky secondary fan nearby (g gives the
stacky fan for P(2,1) x P(2,1). The generators — that is, 8 from §3.4 applied to
the standard basis — of this fan are 3; := ps(53;) for B; adjacent to s — that is, for
1=1,2,5,6 — and are shown in Figure 25 (R).

The four phases of the Triangle VGIT near Fg are shown in Figure 25 (L).
Using Theorem 3.33, one checks that the discriminant (shown as the dashed lines
in Figure 25 (L)) consists of the two toric divisors {b; = 0} and {bs = 0} as well
as the two lines ¢; := {b? = 4bg} and fo := {b3 = 4b;}. As such, FIPS(Fy) is the
complement of these four lines in F(Fg) and is therefore the product of two copies
of FIPS(FY) :=P(2,1)\{[0,1],[1,2]}.

Remark 9.24. We note that FIPS(FY) is the FIPS for the linear rank 1 toric VGIT
defined by either of the 2 pieces of the subdivision associated to Fg. We'll refer to
either of these two VGITs (defined by toric data of the form L = Z e, Z* > N=173
where QY = (1,-2,1,0)) as the VGIT on Fy.

Remark 9.25. Note that in FIPS(Fg) there are two lines of Zs-orbifold points
(namely {by = 0} and {bs = 0}) meeting in a ZE*-orbifold point at the bottom
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FIGURE 25. The secondary polytope (with the four phases shown)
(L) and secondary fan (R) of the VGIT on the face Fy

left corner of Figure 25 (L). This Z$*-orbifold point in Dj in turn meets one of
the lines of Zs-orbifold points in the FIPS of the Triangle VGIT (see §9.1.3). As
mentioned in §9.2, these orbifold points are why it is easier from a technical point
of view to work with FIPS®. Here we see that FIPS®(Fg) = (C*)?\(¢; ufs) indeed

has no orbifold points to worry about.

We now move on to constructing the representation p®. The topology in this
case is straightforward. Recall that in Example 7.6 we considered the hyperplane
arrangement {X = 1} u{Y = 1} inside C§(7y. Then picking coordinates X :=
4by b3, Y := 4bg/bZ gives an isomorphism between the open subset of Dj away from
the orbifold locus and (Ci(,y in such a way that FIPS°(Fg) gets identified with
(C*)2\{X =1}u{Y =1}. Note that, under this identification, the generating paths
a;, B; from Example 7.6 correspond to large radius paths in the regions {|Y| <
r}, {|X| > 1/r}, {|Y| > 1/r}, {|X]| < r} respectively for ¢ = 1,---,4 and for any r

sufficiently small. If we glue these four regions together to get:
U={|Y|<r}u{X|>1/r}u{|Y]|>1/r}u{X|<r}cC*\{X =1} u{Y =1}

then we can interpret Example 7.6 as saying that 7 (C*\{X = 1} u{Y = 1}) is
generated by 71 (U) subject to 4 explicit relations.

Remark 9.26. This region U is analogous to the large radius regions with the same

name in §7.

If we now delete the coordinate hyperplanes X =0 and Y =0, we’ll see that this
gives the following presentation for m (FIPS®(Fy)):

Lemma 9.27. If we let U’ := U n FIPS?(Fg), m (FIPS°(F3)) 2 m1(U')/R g, where
RF, is the normal subgroupoid generated by the relations:

-1 -1 _ -1 -1
(1) 704,01 © 703-,04 - 702,01 0703702

-1 -1 _ -1 -1
(2) V¢4,04 ©VCa.05 = V01,04 © VCasCa
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-1 -1 _ ~—1 -1
(3) Vey,0. °You,er T 05,0 © Yy, 05

-1 -1 _ A1 -1
(4) Vey,c5 °Vey,0n = Vey,c5 ° Ve, Cy

Remark 9.28. Here we have relabelled the generating paths «;, 8; from Example
7.6 as follows:

X > Y51, Bi P Va0
where we read the indices modulo 4 and the chambers C; are as in Figure 25
(R). As in Remark 5.21, this is to fully specify the large radius representation on
these paths — namely, it sends 751,@ to the window equivalence from D’(X¢,) to
Db(ch) using the window with A¢, ¢,-weight —1.

Note that this presentation using both 75170141 and '75‘1+1,C7z as generators on
each wall is not minimal — instead, we could have just picked one of these. If we
had picked a different presentation with one such large radius generator for each
wall (chosen compatibly), we would only have to prove one additional relation.
However, as we can easily implement these four relations above, the difference is

cosmetic and so we stick with the presentation we know.

Proof. Under the relabelling above, Example 7.6 gives an equivalence ¢ : 1 (U) /R,
71 (C*\{X =1} u{Y =1}). The 4 relations in Rz, do not go near the coordinate
axes in C?, so they still hold in FIPS®(Fy). As such, since U’ c (C*)?\{X = 1}u{Y =
1} 2 FIPS®(F3), inclusion gives a functor ¢ : 71 (U")/Rp, — 71 (FIPS®(F3)) which
lifts the equivalence ¢. By Proposition 7.2, we know that the kernels of the maps
w1 (FIPS?(Fg)) — w1 (FIPS(Fg)) and m(U')/Rp, » m(U)/Rp, are generated by

the same meridians. Hence ¢ is an equivalence. [l

Because the intersections of the discriminant with the toric boundary are trans-
verse, there are no additional near large radius paths and we know (see Proposition
5.20) how to define our representation (as in Remark 9.28) on each near large radius
region. Then Remark 5.24 tells us that these glue together to automatically give a
representation p® of 71 (U’) on the Triangle VGIT. In fact, we have:

Proposition 9.29. There is a representation p® : m (FIPS°(Fg)) - Cat; on the
phases of the Triangle VGIT near Fy.

Proof. By Lemma 9.27, we just need to check that the 4 relations in R g, hold for
the Triangle VGIT. One checks that the following 4 collections of 4 line bundles
form magic windows for the Triangle VGIT (where the relevant walls are defined
by Ac,,c, = (0,1,1) e L and Acy,c, = (1,1,0) e L):

(1) 0,0(1,0,0),0(0,0,1),0(0,1,0)

(2) 0,0(0,1,-1),0(0,0,-1),0(1,0,-1)

(3) 0,0(-1,0,0),0(-1,1,0),0(-1,0,1)

(4) 0,0(0,-1,1),0(1,-1,0),0(0,-1,0)
One then checks that the weights w) in the i-th magic window agree with those

occurring in the i-th relation in Rpg,. O

112



106

Remark 9.30. There are easier ways to see the 4 relations Rp, on Fg hold than
by magic windows — here’s a more geometric reason. If we pick a single basepoint
corresponding to the phase X¢,, then loops around the two non-toric components
of the discriminant ¢; and {5 generate the fundamental group of the complement
of U’ in FIPS°(Fg). Moreover, as this complement is homotopic to a 2-torus, there
is just one relation between these loops saying that they commute.

To see that this holds on the level of functors, we recall (see Remark 9.10) that
these generators, corresponding to window shifts on X, with respect to A, .,
and Ac, ¢, respectively, can be thought of as twists T, of a spherical functor
F; for i = 1,2 supported on the toric divisors D5 and Dy in X, respectively. As
T, oTx, oTlgl1 = TTF1 oF,, to prove commutativity it suffices to show that T o Fy = Fj.
But as the image of F is supported on Ds, T, only modifies any complex of sheaves
along this locus. Since D5 and Dy are disjoint in X, the image of Fy is supported

away from Ds and so it is left alone by TF,. Hence the functors commute.

9.2.4. Representation for the face Fy. In this section, we observe that the VGIT on
F} is (nearly) identical to the Pentagon VGIT in §7.3. In particular, the complement
of the discriminant in §(F}), which we call FIPS(F}), is the FIPS of the Pentagon
VGIT. We then construct a representation p' of 7y (FIPS®(F})) on the phases of
the Triangle VGIT, which we have basically already done in Theorem 7.27.

The polyhedral subdivision corresponding to the face F is shown in the centre
of Figure 26. This makes it clear that the phases of the Triangle VGIT on F
correspond to triangulations of the quadrilateral P (shaded grey) and hence the
secondary stack §(F}) of the VGIT on F} (see Remark 3.30) is the secondary stack
of the VGIT on P. But the VGIT on P is exactly the Pentagon VGIT from §7.3
and hence the phases of the Pentagon VGIT are open subsets of the phases of
the Triangle VGIT near F;. Moreover, by Theorem 3.33, since the discriminant
of the VGIT associated to the right hand triangle in the polyhedral subdivision in
the centre of Figure 26 is trivial, the discriminant for the face VGIT equals the
discriminant for the Pentagon VGIT. Hence FIPS(F}) is the FIPS of the Pentagon
VGIT.

We now want to construct the representation p' on the phases of the Tri-
angle VGIT. Recall that in Proposition 7.25 we constructed an equivalence ¢ :
m1(U)[Rp, 2 m (FIPS(F1)) where U was a particular choice of large radius region
inside FIPS(Fy) and Ry, consisted of 4 explicit relations. Now we check what hap-

pens to this presentation once we delete the remaining toric divisor in FIPS(Fy).
Lemma 9.31. If we let U’ :=U n FIPS°(Fy), m(FIPS°(Fy)) 2 m(U")/RF,.

Proof. We note that inclusion induces a functor ¢ : 71 (U’)/Rp, — 71 (FIPS®(FY))
as the relations in Rr, do not meet the toric boundary. We note that ¢ lifts the
equivalence ¢. By Proposition 7.2, my (FIPS(F})) and 71 (U)/RF, are quotients of
m1(FIPS®(F1)) and 7 (U")/Rp, respectively by the toric loops O‘(c YD fori=4,5

in both cases. Therefore the functor ¢ must be an equivalence. U



107

Pcs pc,

pbc, bcy

FI1GURE 26. The secondary polytope of the VGIT on the face Fi,
which is also the secondary polytope of the Pentagon VGIT

We can now construct the representation p:

Proposition 9.32. The large radius representation p of w1 (U') acting on the
phases of the Triangle VGIT near Fy gives the representation p' on mi (FIPS(F})).

Proof. By Lemma 9.31, we just have to prove that p satisfies the additional 4
relations in Rp,. One checks explicitly that the following 4 collections of 4 line
bundles are indeed magic windows for the Triangle VGIT (where the relevant walls
are defined by A = (0,1,0),(0,1,1),(0,1,-1),(0,0,1) € L):

(1) 0,0(1,0,0),0(0,1,0),0(0,0,1)

(2) 0,0(-1,0,0),0(0,-1,0),0(0,0,-1)

(3) 0,0(0,1,0),0(0,1,-1),0(-1,1,0)

(4) 0,0(0,0,-1),0(0,1,-1),0(1,0,-1)
Moreover, one can check that the weights w) in the i-th magic window agrees with

those occurring in the i-th relation in Rp,. (]

Remark 9.33. Recall that the phases of the Pentagon VGIT are open subsets within
the phases of the Triangle VGIT on F;. Then the 4 magic windows used in the
proof above to implement the relations in R, on the Triangle VGIT restrict to the
Pentagon VGIT to give the magic windows we used to construct our representation
for the Pentagon VGIT in Theorem 7.27.

Remark 9.34. Instead of picking magic windows on the Triangle VGIT to con-
struct the representation p', we could just observe that the representation of
m1(FIPS°(F})) on the phases of the Pentagon VGIT (from Theorem 7.27) extends
to the phases of the Triangle VGIT. This is because the phases in the Pentagon
are just the complement of a fixed divisor in the phases in the Triangle and so we
can set p! to be the identity on complexes supported on this divisor. The reason

that this defines a valid extension is that p! is the identity in the toric open subset
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of the Pentagon’s phases near this divisor. This is because the generators of the
fundamental group all correspond to twists about spherical functors whose image
is concentrated on the flopping loci and hence the twists are the identity away from

this locus.

9.2.5. Fundamental groupoid representation. In the previous subsections we have
constructed representations p' of 7 (FIPS?(F})) and p® of 7y (FIPS®(Fg)) on the
phases of the Triangle VGIT. Up to the S3-symmetry, these are the only possibilities
and so it follows that we have constructed p’ on 71 (FIPS®(F;)) for all i in D.
Our aim in this section is to follow the strategy outlined at the start of §9.2 to
piece all these representations together compatibly to construct a representation of
w1 (FIPS?).

Theorem 9.35. 71 (FIPS) acts on the phases of the Triangle VGIT in such a way

that the representation on the phases near a divisor D! in D agrees with p'.

Given the work of the previous sections, the proof largely boils down to checking

that the representations p’ and p’ agree on the paths in Vv, -

Remark 9.36. Here we remark briefly on basepoints. The construction of the regions
Vs, and Vyy,; already involves choosing certain basepoints (in the positive real torus)
in all of the regions V¢, , which they intersect. Thus we end up with multiple
basepoints in each of these regions but, thanks to Remark 5.16, we can canonically
get rid of all but one of them to leave one basepoint p;;; in each region Vg, , near
D. Our fundamental groupoids in this theorem will always be based at the set

{pi;r} and so we drop it from the notation.

Proof. First observe that, by Proposition 7.2, it suffices to construct the representa-
tion for m1 (FIPS?). By Lemmas 9.14 and 9.18, 7 (FIPS?) = 7, (V5) for § sufficiently
small. As Vj is covered by the near large radius regions described in §9.2.2, the
(groupoid) van-Kampen theorem (see [10]) tells us that w1 (V5) is just the funda-
mental groupoids of these regions glued together along intersections. Moreover, we
know how to define a representation on the regions Vg, , and Viy,;, since we are in
the large radius situation described in §5.4.

Next we note that the representation p’ of m (FIPS?(F})) naturally extends to
a representation of m1(Vp,). This is because the fibration structure on Vg, (see Re-
mark 5.17) presents m1(Vg,) as 7r1(775i1(5)) x (o). By Lemma 9.20, 1 (wgl(é)) >
m1 (FIPS?(F;)). As the discriminant meets all the large radius curves Z(W;;) in D
transversely, the monodromy on 7r/§11(5) N Wiy, is trivial. By the presentations of
m1(FIPS®(F;)) in §9.2.3 and §9.2.4, these regions generate wl(ng(é)) and so the
monodromy acts trivially on this groupoid. As such, m1(V3,) = m1 (FIPS®(F;)) x
(P}, Defining p’ () in the usual way as tensoring by the corresponding line bun-
dle, we observe (as in the usual large radius representation — see Proposition 5.20)
that this commutes with all the functors in the representation p’ on m; (FIPS®(F;))

and hence gives a representation of 71 (Vj,).
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Recall (see Remark 5.21) that the representation of 7 (Viy,;) was not completely
canonical because we had to choose an integer to define our windows. Here we fix
this ambiguity by declaring that it agrees with the representation p’ in the region
Viv,; nV3s,, where we note that the presentation of this large radius groupoid coming
from §9.2.3 and §9.2.4 agrees with the presentation in Remark 5.15.

As such, we have defined the representation on all pieces of the cover of Vs and so
we only need to check the gluing relations. But, by the careful construction of our
cover (see Lemma 9.17), these gluing relations are easy to understand. First of all,
by Remark 5.24, we know that we can glue together the large radius representations

from Proposition 5.20 of the regions Vg, ,, and Viy,,. So we are just left to check

ijk
how the representation p’ glues. Since Vg, N Vs, = @, we just have to check that p’
glues along the regions Viy,; and V¢, .

By Lemma 9.17, V3, n Viy,; is a deformation retract of Vyy,,. Hence the gluing
relations on this intersection say that p’ acts canonically on toric loops and in a
way which agrees with p/ on large radius paths. Certainly, by the way we extended
p' to m1(Vs,) above, this is true for the toric loop o . For the remaining generators
of m1(Viy,,;) in our presentation, we need to consider what these get identified with
under the homotopy equivalence ﬂ[gl((g) ~ FIPS°(F;) in Lemma 9.20. Recall from
Remark 9.23 that toric loops o in 7r51(5) get identified with toric loops o in
FIPS°(F;) where 8:= 8 € LY/B;. So p* acts canonically on them.

For large radius paths in Viy,;, recall from Remark 9.23 that the homotopy
equivalence ﬂ'él(é) ~ FIPS°(F;) sends large radius paths living in a Bw,,-orbit
inside Vjy,; to large radius paths in a Byw,;-orbit inside Eg, n FIPS?(F;), where
Bw,, = Bw,, € LY/B;. We can check that B, agrees with how we have defined
the corresponding large radius region in the presentations of m (FIPS?(F};)) from
§9.2.3 and §9.2.4. As such, p’ gives a window equivalence on the large radius
paths in Vjy,;. Fixing a particular large radius path in Z(W;;) and pushing it
off into either FIPS®(F;) or FIPS®(F}), we check that the corresponding window
equivalence assigned by p® and p’ agree by chasing around their descriptions from
§9.2.3 and §9.2.4. Therefore we are done with this gluing relation.

Finally, Lemma 9.17 says that Vg, n Vg, , is a deformation retract of V¢, , and
so the gluing relations on this intersection say that p’ acts in the canonical way on
toric loops. We have already checked this above and so are done.

O

9.3. The covering strategy. When the FIPS has a complicated topology, one
approach to simplify the description of the fundamental group is to take an ap-
propriate finite cover of the FIPS. In the A,-singularity case [18], Donovan and
Segal show that there is a tower of covers of the FIPS of the A,, surface singularity
which are FIPS for certain higher-dimensional VGITs containing the A,, surface
singularity. In this section, our main aim (see Proposition 9.46) is to describe how

we can construct an analogous cover for the Triangle VGIT. We then sketch how
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the techniques in [18] should be able to reconstruct a representation on the phases
of the Triangle VGIT, as in Theorem 9.35.

We first need to find the analogous higher-dimensional VGIT for the Triangle
VGIT. We shall refer to the Triangle VGIT as the original VGIT and and the new
VGIT (whose phases are of higher dimension) as the “unsliced” VGIT. We want
the unsliced VGIT to be quasi-symmetric so that we have a guaranteed large radius

representation of 1 (FIPS), as in Corollary 2.8.

Remark 9.37. We should say immediately that it seems unlikely that in general we
can find a quasi-symmetric unsliced VGIT whose FIPS covers the original FIPS.
We return to this in Remark 9.41.

Having said that, the FIPS is analogous to the stringy K&hler moduli space
which should roughly be (c.f. [7]) the quotient of the space of stability condi-
tions by autoequivalences. From this perspective, there seems to be a hyperplane
complement lurking in that, if we rewrite the space of stability conditions modulo
auto-equivalence as the space of (numerical) stability functions modulo the resid-
ual symmetries of cohomology, then the space of stability functions is roughly the
hyperplane complement in Ky(X)c given by deleting central charges Z such that
Z(6) =0 for some stable object .

In the A, singularity case [18], Donovan and Segal find the unsliced VGIT by
describing some of the phases of their original VGIT as a moduli space of repre-
sentations (with all dimensions 1) of a quiver @ with (toric) relations I. Note that
these moduli spaces do indeed describe a toric VGIT. Crucially, the quiver @ is
self-dual — that is, for every arrow between two vertices, there is one in the opposite
direction — and so the associated toric VGIT is quasi-symmetric, as desired. In fact,
the T -representation being quasi-symmetric is the same thing as the quiver being
self-dual.

Remark 9.38. The moduli spaces of representations depend on a stability parameter
0 € L}, and we denote the moduli space of #-semistable representations (with all
dimensions 1) of (@, 1) by My(Q,I).

Then Donovan and Segal define the unsliced VGIT to be the representations of
the free quiver () and imposing the relations in I is “slicing”. As such, the phases
of the unsliced VGIT correspond to My (Q) for different values of 6.

Starting from the geometry of the VGIT, they construct such a quiver description
by using the McKay correspondence for the associated quotient singularity. Explic-
itly, the basic case is the VGIT associated to the A,, surface singularity C? [ L1
Here the quiver description is automatic and explicit by the 2-dimensional McKay
correspondence. Namely, the McKay quiver is the A,, quiver with its usual com-

muting relations.

Remark 9.39. In the context of the McKay correspondence, representations of the

McKay quiver (with relations) with all dimensions 1 are called G-constellations.
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Note that the 4, quiver is indeed self-dual, as claimed earlier and so we know, by
Theorem 8.8, that the FIPS of the unsliced VGIT is the complement of some hyper-
planes. In fact, the hyperplane arrangement turns out to be the A,-configuration

of hyperplanes in R".

Remark 9.40. We can also view this process of constructing a quiver description
from the geometry as taking a non-commutative crepant resolution (NCCR) of
the associated toric singularity. This allows us to extend the strategy above to
non-quotient singularities where there is no McKay correspondence.

In the A, case, the quotient singularity has a canonical NCCR coming from
the stacky resolution [(C2 | Z+1]. More generally, for any toric orbifold singularity
C" /G (for G ¢ SL,(C) abelian), we can take the NCCR, given by @; O(x;) where
X: are the irreducible representations of G. Computing the endomorphism algebra
gives back the McKay quiver of this representation of G with relations given by

commutators. However, there is no reason that this quiver is self-dual.

Remark 9.41. If we consider toric VGITSs arising as moduli spaces of representations
of a quiver (as above), it seems unlikely that we can in general always find an
equivalent description in terms of a self-dual quiver. This supports Remark 9.37
and explains why we are more interested in the Lefschetz strategy in §9.2.

For example, whilst we have a quiver description for the Octahedron VGIT (see

Remark 5.18), it is not self-dual and we don’t know whether such a quiver exists.

Despite Remark 9.41, in individual cases we can try to find such a self-dual
quiver description by taking NCCRs of the corresponding toric singularity.

We now explain how this works for the Triangle VGIT, where we recall (see
§9.1.1) that the corresponding singularity is the orbifold singularity c3? /G (where
G = 72%). Because this is an orbifold singularity, we can use the 3-dimensional
McKay correspondence (or equivalently the tautological NCCR in Remark 9.40).
Then the McKay quiver @ has four vertices and is shown in Figure 27. We note
that it is self-dual and so take the unsliced VGIT to be given by its (free) rep-
resentations. The relations I are the commutators, so are given schematically by
xy = yx, vz = zx and yz = zy, and the Triangle VGIT corresponds to moduli spaces

of G-constellations.

Remark 9.42. In dimensions 4 and above, the moduli space of G-constellations is
not necessarily a projective crepant resolution of C" /G. On the other hand, the
geometric phases of any Calabi—Yau toric VGIT resolving this singularity would be.
As such, in these cases, we would have to abandon the McKay correspondence and
resort to trying different NCCRs, as in Remark 9.40. Happily in the 3-dimensional
abelian case, we know (see [12]) that every projective crepant resolution of the
quotient singularity C* /G is a moduli space of G-constellations. In particular, all
the geometric phases in the Triangle VGIT are of this form since our resolutions

are Calabi—Yau too and hence crepant.
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FIGURE 27. McKay quiver of C* /@

Now that we have constructed the unsliced VGIT, we want to construct a Galois
cover FIPSy — FIPS; where FIPS( is the FIPS of the unsliced VGIT and FIPS;
is the FIPS of the Triangle VGIT. In the A,-case, Donovan and Segal do this
by finding a G-action on the secondary fan of the unsliced VGIT such that G acts
freely on the chambers and such G-orbits correspond to phases of the unsliced VGIT
which slice to give the same phase of the original VGIT — that is, under imposing
the toric relations. So we shall look for a similar G-action on the secondary fan of
the unsliced VGIT. We start with the toric data for the unsliced VGIT:

73 Q1) leizg

where
1 0 0 1 ) ) , , ,
) 0 -1 Ty Ty Y1 Y1 A1z T2 Ty Y2 Yz 22 %
" 1 0 0 11 0 0 O O O O O 0 0 O
Y, 10 0 o 0 1 1 0 O O O O O 0 O
2 0 1 0 o 0 0 0o 1.1 0 0 O O 0 O
e I O S O S S R
To -1 1 0
! 1 -1 0 o 0 0o 0 0 06 O 0O 0 0 1 1
” 0 1 -1 1 0 o 1 0 0O 0O O O 0 0 1
b 0 -1 1 o 1.0 0 1 O O O O 1 0 O
2 100 1 o 0 0 0 06 060 1 1 0 1 o0

Following Remark 3.15, we can therefore picture the secondary fan as in Figure
28 (L) (we use coordinates X + Z, X +Y,Y + Z instead of the standard coordinates
X,Y, Z here to make the symmetry clearer). The secondary polytope is therefore a
“chamfered cube” (also known as a 4-truncated rhombic dodecahedron), which is

shown in Figure 28 (R). This polyhedron has 32 vertices and 18 faces (12 hexagons
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and 6 squares). As such, the unsliced VGIT has 32 phases. Note that we don’t con-
sider the stacky secondary fan here since we’ll soon see that all the toric boundary
is in the discriminant and so we can just work inside Tpv.

In our case, slicing the phases of the unsliced VGIT gives the 4 geometric phases
of the Triangle VGIT.

Remark 9.43. Note that we don’t get all the phases of the Triangle VGIT by slicing.
This is because all the phases of the unsliced VGIT are geometric — that is, have

no orbifold locus — and, hence, so are all the sliced phases.

Now any G which acts freely on the chambers to give these 4 phases must have
order 8. In fact, by computing which fans slice to a given fan of the Triangle VGIT,
we can compute what the G-orbits of chambers in Ly should look like. So if we
take G = Z§3 to be the group generated by “reflections” (not with the Euclidean
metric) in the planes Y+ 7 = 0,X +Z =0 and X +Y = 0 respectively, then this
G preserves the secondary fan and has the correct G-orbits. For the secondary fan
in Figure 28 (L), this amounts to actual reflections in the coordinate hyperplanes.
This quotienting folds up the orthants in the secondary fan for the unsliced VGIT
to give the secondary fan for the Triangle VGIT. Dually, with enough imagination,
we can see how the chamfered cube folds up to give the associahedron. As such,
this G seems like a sensible candidate.

Now we’ll check that this G-action induces a G-action on FIPSy;. We start by
understanding FIPSy. From Theorem 8.8, the log-discriminant is a hyperplane
arrangement whose log-hyperplanes correspond to hyperplanes in Ly spanned by
the weights lying on them. Specifically, for each such hyperplane with normal I,
the corresponding log-hyperplane takes the form Vr = {z'* = cr} (see §8.1 for
details). We can check that the hyperplanes in Ly of this form are precisely:

X=0Y=0,Z7=0,X+Y=0,X+2=0,Y+2=0,X+Y+2Z2=0

To calculate Vr, we need to compute cr for each of these. Since our T7,-representation
is self-dual, by Remark 8.7, all the ¢ = +1. Calculating the correct signs and using

Remark 8.9 to observe that all toric divisors are in the discriminant, we see that:

(7)  FIPSy = (C*)*\{a=-1,8=-1,y=-1,a8=1,8y=1,ay=1,afy=-1}

where , , ,
o= LoYi2g , _ T2Y221 _ T1lYaR2
- R A S ’
T2Y1 %2 Ta¥2%1 T1Y27%3

Then the G-action on the secondary fan described above induces the following

action on (C*)3, which can be written explicitly in terms of generators oy, 02,03
as:

71+ (@.0.7) > (@87, 2. )00+ (0,8.7) = (2087, £).03 (0,6,9) =

>3 ,af3y)

QIr

1
ﬂ )
IPigure By Watchduck (a.k.a. Tilman Piesk) - Own work, CC BY 4.0
https://commons.wikimedia.org/w/index.php?curid=66347020
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FIGURE 28. The secondary fan for the unsliced VGIT (L) and its
secondary polytope, the “chamfered cube” (R) !

We can check that this G-action preserves the discriminant locus and so acts on
FIPS.

Now that we have our candidate G-action, we want to show that [FIPSy/G] =
FIPS;. One guess, following [31], as to how to define such a cover ® : FIPS, —
FIPS; is as follows. Suppose that the original VGIT is described by toric data
L~ 7" % N and the unsliced VGIT is described by L' — z" A, N'. Since the
phases of the original VGIT embed torically into the phases of the unsliced VGIT,
we also have an embedding i : N - N’ with the property that the rays of the
original VGIT can be written as positive combinations of the rays in N'.

To construct our candidate for the covering map, we first construct a (possibly
non-linear) map  : ((C"')V — (C™)¥. Let a; be a way of writing i(w;) as a non-
negative integral combination of the rays given by A’. As A’ lives in a height one
affine hyperplane in N, we note that there are only finitely many such a;. We

view «; as the vector (a?) € N which sits in the commuting diagram:

7" A N

€jwy
eia .
3 JJ \[l
A

v AN

Thus « defines a monomial function (x’)% := ]'[Z;l(x;c)af on ((C"’)v and we can
define ®(2")(e;) := ®;(2") = By, (2)*. By dualising the diagram above, we see
that ® intertwines the Ts and Ty actions along the map 7¥ and so induces a map
[((C"’)V [T ] = [(C™)Y/Ty]. This is therefore a potential candidate to give a map
between the two FIPS.
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Remark 9.44. Note that we could put different coefficients in front of each monomial
in ® and it would still intertwine the actions. In fact, we’ll use this flexibility for
the Triangle VGIT — see Remark 9.45.

Unfortunately, in general, ® doesn’t respect the discriminant. However we’ll
now show (see Proposition 9.46) that it does for the Triangle VGIT and that, in
fact, it is a G-cover. So first we construct the associated map @ : (C'?)¥ - (C®)V
coming from imposing the commuting relations on the quiver Q). In total, there
are 12 commuting relations (there are 4 vertices of @ and 3 pairs of commuting
coordinates). But on the torus (C*)'2, 6 of these are redundant and, as such,
the geometric phases of the Triangle VGIT can be described as the closure in the
unsliced VGIT of the remaining 6 toric relations. These are encoded in a map
R:7° - 7° whose kernel gives the embedding i : N = Z* - N’ = Z°. When R is

pre-composed with A’, it gives the matrix

1P 0 -1 0 0 0 -1 0 1 0 0 O
o 0 1 0 -1 0 0 O O -1 1 0
Ro A - 061 1 0 0O OO -1 -1 0 0 O
o1 o0 01 0-1 0 0 0 0 -1
o -1 0 00 1 1 0 0 0 -1 0
o 0 o1 1 0 o0 O -1 0 -1 0

and we can compute that 10 A : 75 > 7° is given by:

o
jen)

o= = O O N OO N
e = T T S e B
= = = O N O O NN O
| e S e R N e R

e e = e
= o= = NN O O NN O

From here, one can check that i(w;) are the only rays in N’ which occur on the
slice given by i. Comparing this matrix and A’, one can also see that there is a
unique way to write (w1 ),i(ws) and i(wg) in terms of the rays in A’ and precisely

two ways to write each of the remaining three rays. This means that
O(x) = (P1(2), P2(2), P3(x), Pa(x), P5(x), Ps(2))
where
Py () = ~z12) 2225, Po(2) = T1Y175Ys + L1y T2Y2, Pa(T) = ~y191 9295

r_r_r_I ! ror_/ ! !/
Dy(x) = 1210220 + T 210525, P5 () = Y1y22129 + Y Ys21 22, Pe () = —2121 2225
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Remark 9.45. Actually, this ® isn’t exactly as we described before because we
have chosen different coefficients for the monomials. This is needed for the next
proposition to hold and shows that, in general, the coefficients appearing in ® need

to be chosen carefully if it’s to have any hope of being a cover.
Now that we have constructed ® for the Triangle, we can check:
Proposition 9.46. ¢ induces a map FIPSy — FIPS, which is a G-cover.

Proof. To show that we get a map between the FIPS, we claim that the pre-image
under ® of the discriminant of the Triangle VGIT is the discriminant of the unsliced
VGIT. Let’s start with the coordinate hyperplanes corresponding to vertices of our
polytopes. By inspecting A, we see that every ray is a vertex whereas in the
triangle A; only the first, third and sixth ray w; are vertices (see Figure 23). As
®,, P3, Pg are monomials which together involve all coordinates, the pre-image of
the 3 coordinate hyperplanes {a; = 0}, {ag = 0}, {ag = 0} in C° is the union of all
coordinate hyperplanes in c'2

We now move on to the pre-image of V., which we recall has defining equation:

al 0,2/2 CL4/2
Apr = det a2/2 as a5/2
aqf/2 as/2  ag

We observe that:
O*(Ap) = 1/4(z1y121 +33'12U£Zi)(33'2y12§ +x2y1zz)(x2y2z1 +x'2y§z{)(x1y§z2 +$iy2zé)

Recalling that FIPS, ¢ (C*)"?/Ty = (C*)3 5, we may write ®*(A,,) in these
coordinates as (afvy + 1)(a+1)(8+1)(v+ 1) up to units. Comparing with the
description of FIPSy in (7) above, we see that ®'(V,,.) is a union of 4 components
of the discriminant.

Finally, the 3 components of the discriminant V; with equations a2 —4aas, a% -
4ayag and a? —4azag pullback under @ to give (71y175yh — iyl T2y2)?, (21217222 —
i 2l wh2h)? and (y1yez12h — yiyh2) 22)? respectively — that is, (ary — 1)2,(8y - 1)?
and (a3 -1)2. By the description of FIPS; in (7) again, we see that each of these
pre-images is a component of the discriminant. As we have covered all components
in the discriminant {E4, = 0} of the unsliced VGIT, we conclude that & sends
C?\{E4, = 0} to C®\{E4, = 0} and hence descends to give a map ® : FIPS; —
FIPS;.

To prove the covering statement, we shall show that the pullback d:X >
C3 o, \{E4, =0} of ® under the Z&*-quotient map C3 \{FE4, = 0} - FIPS; (see
§9.1.3) is a G-cover, noting that X is a scheme as ® is representable. We shall do
this by showing that the non-empty fibres of d are G-orbits. This implies that o
is an 8:1 cover of its image. Hence its image must be 3-dimensional and, since ® is

proper, ® is surjective.
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To prove that ® has fibres a G-orbit over its image, we need only show that ®
has fibres a G-orbit over its image. The fibre of ® over z € FIPS; c [C*/Z%?] is

canonically isomorphic to Aut(z) x ®™*(7(x)) where ® = 7o ® and

T [C?’/Zgz] —>(C3/Z§2 ={zyz =u2} cct

TYZU

is the projection to the coarse moduli space. Recall that x has non-trivial stabiliser
only along the 3 coordinate axes — it has stabiliser = Zy for all such points apart
from the origin and, at the origin, the stabiliser is Z§2.

We may write ® in coordinates a, 3,7 as:
v+1)? (By+1)? (aB+1)? (ay+1)(By+1)(af+1)
ay T By T af ] aBy

As such, we can check that ® is G-invariant by using the explicit G-action above

B(a,B,7) = (2 )

so we need only check that the fibres consist of a single G-orbit.

— — 2 ! 2
Suppose ®(a, 8,7) = ®(a’,8’,7"). Note that (azxyl) = (a;/,;}) precisely when
1

ay =o'y or o and similarly for the y and z terms. For fixed a7y, 8y and af

there are precisely 2 choices of a, 3, v (related by —Id on FIPSy) with these values
for the products. Moreover, these choices of a, 8 and « have the same u-component
of ® precisely when this component is 0.

As such, if ®(a’,’,7") has non-zero u-component, then the fibre containing

1

o etc. Com-

(a/,B',~") has 8 points, related by transformations sending o'y’
paring with o;, we see that this is a G-orbit.

If ®(o’, B',~") has zero u-component, then it also has one of its other components
equal to 0. One checks explicitly that, away from the x,y and z-axis, the 8 points
in the fibre form a G-orbit. Similarly on these axes (but not at the origin) one
checks that the 4 points in the fibre form a G-orbit and the 2 points over the origin
also form a G-orbit.

O

So, exactly as in [18], we have constructed a Galois cover of the FIPS of the
Triangle VGIT which is itself the FIPS of a quasi-symmetric VGIT. Having con-
structed a representation on the phases of the Triangle VGIT in §9.2, we now just
sketch how our Galois cover should lead again to such a representation. We first
observe that in the quasi-symmetric case we automatically have a large radius rep-
resentation p on the phases of the unsliced VGIT from Corollary 2.8. To construct
the representation on the phases of the Triangle VGIT, we want to “restrict” this
representation to the slices.

Suppose we consider the two phases X, of the unsliced VGIT on either side of
a wall, whose slices Y, are phases of the Triangle VGIT. The common open subset

(which includes the open torus T+) gives a birational equivalence between the two
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and we get a diagram as follows:

X_ -5 X,
Y. ¢----- Y,

Then p assigns a window equivalence ¢g : D*(X_) - D?(X,) to the corresponding
large radius path. In the A,-case (see [18], Proposition 5.17), this restricts to
give an equivalence ¢oly : D®(Y_) - D’(Y,) between the sliced phases. If this
restriction property holds for the Triangle VGIT, then as m (FIPS)) is generated
by such large radius paths and any relations between the functors ¢y on the unsliced
VGIT must continue to hold between the functors ¢gly on the Triangle VGIT, we
get a representation ply of w1 (FIPSy) on the phases of the Triangle VGIT.

Remark 9.47. This restriction property for the Triangle VGIT does not follow
directly from the same argument used for the A,-examples in [18]. The difference is
that the toric relations there were actual (invariant) functions whereas our relations
are not — that is, neither of the monomials in any of our relations correspond to loops
in the quiver. Geometrically, this corresponds to the fact that in the A,,-case we only
slice away non-compact directions whereas for the Triangle we also slice away some
compact directions. Note that the restriction property can be reinterpreted as a
purely geometric statement about how the birational roof between two neighbouring
phases of the unsliced VGIT behaves under slicing.

We also fully expect that the restrictions of these equivalences recovers the rep-
resentation from Theorem 9.35. For this, we would have to check that window
equivalences between neighbouring phases of the unsliced VGIT in distinct G-orbits
restricted to window equivalences between phases of the Triangle VGIT and that
window equivalences between neighbouring phases of the unsliced VGIT in the same
G-orbit restricted to family spherical twists arising from a trivial family of P's over
C with normal bundle O(-2), as in the description of our representation in Remark
9.10.

Given the representation ply of w1 (FIPSg) on the phases of the Triangle VGIT,
it is largely formal to construct the representation of 1 (FIPS;). Namely, as the
G-orbits of chambers correspond to identical sliced phases, we have a canonical
G-representation on the sliced phases by the identity.

Moreover, the large radius representation ply is G-equivariant. For this, we just
need to check that the equivalences (¢5*“?)ly and (¢g(01)’g(02))|y on the sliced
phases agree for any g € G. This holds because there is a G-action on N’ = Z°
which preserves the set of rays of the unsliced VGIT and is compatible with our
G-action on LY in the sense that two chambers in Ly differ by g € G precisely when
the corresponding fans in Ny differ by permuting the rays according to g. This
compatibility means that everything about the wall crossing from Cy to Cs (such

as the unstable loci on each side, the fixed locus etc.) agrees under the action of g
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on the corresponding phases with the wall crossing from g(C1) to g(Cs). As such,
(bgl’c2 and ¢g(01),g(02) agree up to the action of g and the same thing continues to
hold on the sliced phases (where the G-action is trivial). To see that we have such
a G-action on N’, observe that the G-action on the secondary fan preserves the set
of weights of the unsliced VGIT. This follows immediately from Figure 28 (L) since
the rays in the secondary fan which are not weights of the unsliced VGIT are the
6 rays lying on the coordinate axes in that figure (these correspond to the 6 square
faces of the chamfered cube) and these are obviously permuted by reflection in the
coordinate hyperplanes. Then this G-action on LY lifts to a G-action on (Z™)Y
which records the permutation of the weights. Dually, this induces the desired
G-action on N which preserves the set of rays.

Since ply is G-equivariant, we can combine it with the trivial G-action to get a
representation of 71 (FIPSy) xG where this is the semidirect product of a group with
a groupoid (see [10], §11 for details). But it is known (ibid.) that w1 (FIPSp) x» G
m1 ([FIPSo/G]). Since FIPS; 2 [FIPSy/G], it follows that we have constructed a

representation of w1 (FIPS;), as desired.

Remark 9.48. This covering perspective on the Triangle VGIT has a lot of sim-
ilarities with recent work of Donovan and Wemyss [19, 36]. In their setting, we
would start with the 3-fold eDy singularity ¥ := C* / Z$? = {zyz = u?} c Ciyw and
a geometric crepant resolution w : X — Y, which for us is given by a geometric
phase of the Triangle VGIT. Here there is a natural such choice given by the max-
imally symmetric phase X, which can be described as Hilb®(C?). This choice of
a phase can be interpreted as an NCCR on Y by pushing down (by 7) the bundle
of sections of the universal subscheme on X,. This can be alternatively described
by choosing the affine orbifold phase ' : [C* /G] - Y and the associated NCCR
@yex+(c) T.O(x) on Y (see Remark 9.40). Either way, we end up with the NCCR
given by the McKay quiver in Figure 27.

To run the machinery in [19], we would then mutate this NCCR and use moduli
tracking to compute the real hyperplane arrangement H. This gives exactly the
walls of the secondary fan for FIPSy. In [36], §7.2 Example 7.6, Wemyss computes
that there are 4 minimal models, obtained from X, by individually flopping the 3
exceptional curves. It follows that all other mutated algebras are just isomorphic
to these and one can check that the chambers corresponding to the same algebra
are precisely the G-orbits we have chosen above.

In [19], Donovan and Wemyss construct an action of the Deligne groupoid G of
the hyperplane arrangement H on the models of certain isolated 3-fold singularities
by applying flop (or mutation) functors. However our 3-fold singularity is non-
isolated which means that their techniques do not apply directly. However they
do construct certain autoequivalences, called “J-twists”, even when there are no
actual flop functors — that is, between phases in the same G-orbit. In the Triangle

VGIT, these “J-twists” should just be the family spherical twists we saw arising
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in Remark 9.47. So in their language, our action combines J-twists with the usual

flop functors to construct a representation of Gy .

10. NEAR LARGE RADIUS IN HIGHER-DIMENSIONS

We finish by discussing a conjectural way to describe the representation on paths
near a large radius curve Z (W) in any dimension, which is supposed to generalise
the representation p" from the 2d case in Theorem 6.15. So suppose we are crossing
a wall W in the secondary fan from a chamber C; to Cy. Let A := A¢, ¢, € L be
the primitive normal (pointing towards C;) and let Z* = [(C™)*/T] and 7™ =
[(C™M*/(TL/\)] be the M-fixed locus. Then Z'* is itself a linear toric VGIT and
its weights are precisely those of the original VGIT lying in the hyperplane (W)
(where we view these weights as living inside (W) n LY). We observe that W is
contained (as a full-dimensional subcone) in a unique cone of the secondary fan for
the VGIT on Z* and Z" (which lies in LY and (W) respectively). We call the
corresponding quotients Zy and Z) respectively.

Unlike in dimension 2, in general we can have many components of the discrim-
inant intersecting Z(W). Recall from §3.1 that such components correspond to
faces T of A and to such a face we have associated (see Definition 3.43) a Higgs
VGIT. As mentioned in §2, typically these VGITs are not Calabi—Yau.

Definition 10.1. A Higgs phase Zr associated to a face I' of A is any minimal
phase of the Higgs VGIT — that is, a phase whose canonical bundle is nef.

Remark 10.2. Following Remark 3.46, this definition actually makes sense when we

start with any linear toric VGIT, not necessarily a Calabi—Yau one.

Recall (see Proposition 5.20) that currently we have a representation p"¥ on
large radius paths. Moreover, by Remark 4.19, loops at large radius based at
the chamber C correspond under pW to twists about a spherical functor F,, :
D*(Z\)w — D"(X¢,). Here, as we did in 2-dimensions, we focus on the case w = 0
when D¥(Zy).,, = D*(Z}). For general w, we note that, having chosen By of \-
weight —1 to define our near large radius paths (see §5.2), ® O(—wpw ) gives an
equivalence between D?(Z}) and D’(Z) ).

Then, as described in Conjecture B, we would like to define our representation
on loops near the large radius curve Z(W) around Vr by twists about spherical
functors (see [3] for precise definitions) with source category D’(Zr). One source
(and for us the only source) of such functors is from SODs of D(Z}) into “minimal”
pieces of the form D®(Zr).

Remark 10.3. In general, if we take a piece A of an SOD of the source category of
a spherical functor F, it is not true that F|4 is spherical. However our spherical
functor Fy has the special property that its cotwist is (up to a shift) the Serre
functor on D’(Z}) and so (see [1], Proposition 1.1) Fy|4 is, in fact, spherical.
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The SODs which we use are of a special form coming from the fact that Z3 is a
phase in a linear toric VGIT. The main result of this section (Theorem 10.4) says
that SODs into minimal factors of the form D?(Zr) always exist and, moreover, the
number of pieces of the form D®(Zr) in any SOD coming from VGIT is an intrinsic
quantity. This is therefore a Jordan-Hélder type theorem for these SODs. As we
shall now see, it holds for a general linear toric VGIT. In §10.2, we will return to
Conjecture B and the representation on near large radius paths in the Calabi-Yau

case.

10.1. SODs from wall-crossings. Fix a wall W in the secondary fan of a toric
(not necessarily Calabi-Yau) VGIT with primitive normal Ay € L chosen so that
gy = (Aw,—K) > 0, where -K = Y, 3;. We call the phase associated to the
chamber C (adjacent to W) with (Aw,C) > 0 X, the other phase X_ and the
quotient on the wall Xy (this is intentionally ambiguous when puy,, = 0). Finally
we let Zf\w be the Ay -fixed locus in Xy (forgetting the trivial Ay action). Then,
for any d € Z, Theorem 4.21 gives full embeddings ®; : D*(X_) — D®(X,) and
ij: Db(Z;\W) - DY(X,) for j =1,...,, such that (Im®,4,Imiy,...,Imi,) is an
SOD of D*(X,).

Now pick a path «: [0,1] — Ly starting at a chamber whose corresponding phase
X is minimal (this may be empty) and ending at a phase X;. This path should
avoid any codimension 2 cones in the secondary fan and, whenever it crosses a wall,
it does so in the direction from X_ to X,. If we label the normals to the walls
W; along ~ by A; for i =1,...,k, then Theorem 4.21 gives us full embeddings ® :
Db(Xo) » D*(X;) and 4, : Db(ZS\i) - DX ) fori=1,....,kand j=1,..., 1,

Continuing inductively, if Z} is not minimal for some i, then we can decompose
DY(Z %,) further so long as, for such 7, we choose similar paths ; (in the hyperplane
(W;)) for the VGITs on Z™* going from a minimal phase to the phase Z),. The
choices of these paths is shown schematically in Figure 29. If we keep going, this
eventually terminates as each linear subspace in which these paths live has strictly
smaller dimension than the preceding one. Then the end result is an SOD of
D®(X1) whose pieces are D( Zr) for various faces I', which are necessarily minimal
(see Definition 3.3) because we always take all the weights on the corresponding

subspace (see Lemma 3.47). This gives the first part of the following:

Theorem 10.4. Given a choice of paths as above, we get a number of full em-
beddings ir ; : D*(Zr) - D"(X1) (for some collection of minimal faces T' and
j=1,...,nr) and an SOD of D*(X}) into these pieces. Moreover, the T' which

occur and the number nr are independent of the particular choice of these paths.

Remark 10.5. It was shown in [28] that the Jordan-Hélder property doesn’t hold
in general for derived categories of smooth projective varieties, so this theorem is
really using the fact that X; is a phase of a linear toric VGIT and that we are
choosing a particular class of SODs of D?(X;) which use this structure.
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Xo
FIGURE 29. A choice of paths giving an SOD as in Theorem 10.4

We now turn to the proof of the second part of the theorem above. Suppose the
VGIT for X; can be described as T;, G C™ and let its secondary fan in Ly, be X.
Pick any choice of paths «,7v1,...,%i,... in Ly as in the theorem. We shall prove
the theorem by induction on Rk(L"), noting that when Rk(LY) = 1 there is only
one choice of path and so we have nothing to prove. As such, we can assume that
the faces I and numbers nr for the SODs of D*(Z}) (and Db(Z;h)\Q)) which occur
along v do not, in fact, depend upon ~1,...,7;,... and we therefore forget about
these extra choices.

To prove Theorem 10.4 it suffices to show that the I and np occurring at walls
along v do not change whenever we go “the other way” around a codimension 2
cone in ¥ for which this makes sense — in particular, v has to go from a minimal
phase in the corresponding 2-dimensional face to a maximal one. This claim follows
since any two choices of paths « are related by such moves. This observation will
ultimately allow us to reduce to the case when Rk(L") = 2.

So fix such a codimension 2 cone o in ¥ (corresponding to a 2-dimensional face
F' of the secondary polytope) and consider the quotient map ¢ : LY - L where LY
is the rank 2 quotient lattice LY/{c) n LY. By Remark 3.30, the secondary fan for
the VGIT on F' is pulled-back from the secondary fan (in (LY )gr) of the VGIT given
by T}, acting on X,. Moreover, the canonical direction in ¥ given by Kx, induces
a canonical direction in this secondary fan given by ¢(Kx,). This is depicted in
Figure 30. From now on, we shall assume that X is the minimal phase in this face

and X; the maximal one.

Remark 10.6. In general there is no single maximal or minimal phase as we have
assumed here. However, as there are no wall contributions between different choices

of maximal (or minimal) phases, we are free to choose them as we wish.

In the notation from Figure 30, consider the two SODs of D(X;) coming from
the paths labelled v; and 2, where we have labelled each wall with the correspond-
ing contribution to the derived categories as we move along ;. The categorical
contributions on wall W come with multiplicity px,, = (Aw,-q(Kx,)). Then, to
prove the theorem, it is enough to prove that these two SODs of D?(X;) have the
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DY(Z™ A Xy, )+ —
N

)\2T Q(le) TAZ

l)b(Z,/\2 ﬁ‘X‘/Vm) l)b(ZM2 mXWl?)
T
Dbzt n X,) s
Xo n Db(Z’A3 ﬁ‘XVVM)

F1GURE 30. Two paths around the 2-dimensional face F' superim-
posed on the secondary fan for the VGIT on F' where W;; is the
j-th wall along ~;

same minimal (in this face) factors with the same multiplicities. These minimal
factors have 3 possible forms:
(1) D*(Xo)
(2) D*(Z"* n Xy ) when the line (W) contains two walls and Z'* n Xy is a
minimal phase of the VGIT on Z*.
(3) DY(2'™ n X,)

Lemma 10.7. The multiplicities (in the two SODs of D*(X1)) of the minimal
factors (1) and (2) agree.

Proof. By Theorem 4.21, there is precisely one copy of D?(Xj) in each of these two
SODs so this factor is easy.

For any two walls Wi, W5 in the secondary fan for F' which lie on a line (for
example, the z-axis in Figure 30) with normal A (pointing towards the maximal
chamber), we add uy copies of Db(Z')‘ N Xyw, ) if we follow v; and py copies of
Db(Z’)‘ N Xw, ) if we follow 2. One of these two categories is a minimal factor and,
by Theorem 4.21, the other has an SOD with one copy of this minimal factor in.
Therefore these factors have the same multiplicity in the two SODs of D*(X;). O

Finally we consider the minimal factor (3). When two walls lie on a line, only
the maximal phase (on that line) has factors of the form (3) in and so, for the
purpose of counting the multiplicity of these factors, we can ignore the walls in such
lines which correspond to minimal phases. Then we are only left with walls lying
on distinct lines and, by Theorem 4.21, such a wall W with primitive generator
lw € (LY n(W))Y (such that Iy (W) > 0) contributes exactly MAWM{}/W copies of
DY(Z'™ n X,) where the multiplicity 1y = max((~Kx, ly),0).

However in general, if we define:

. Aw
[l = > [ iy
Walls W along ~;
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B1, B2, B3
H
Y

X, — Y1
x| [ \T&
Ba, Bs k ‘ o
ol — Xo

2

H
s

FiGURE 31. Weights g; for ¢ = 1,---,8 for Example 10.8 with the
two extra walls W; and one extra ray Sy of the secondary fan shown
(L) and the secondary fan in the face corresponding to 89 (R)

f~, and piy, do not agree, as the following example shows.
Example 10.8. Take the following 8 weights in LY = Z*.

ﬁl = 52 = 63 = (an, 1)7ﬂ4 = ﬁ5 = (17_2a0)756 = (030,_1)aﬁ7 = (07170)758 = (_27 13_1)

These are shown in Figure 31 (L). The secondary fan for this VGIT has a single
extra ray f9 = (1,0,0), which is the intersection of the two walls W; in Figure 31
(L). Consider the 2-dimensional face corresponding to o = 89 shown in Figure 31
(R). Then the projection ¢ : LY — LY = Z* sends (z,y,2) = (y,2) and one checks
that ¢(-Kx,) = (-2,1) and so the minimal and maximal phases are as shown.

We shall now calculate p., and p., explicitly in this example. We have that
t-x, = 2 and py, = 1. Noting that the walls corresponding to g and g7 don’t
contribute to j., and p., respectively as they correspond to minimal phases for
the VGIT on the wall, p, = ,u_AI,u;,VAl =2x2=4and ., = ,u,\z,uf/“? =1x3=23. Thus

M’Yl * /‘L'YQ .

In this example, the discrepancy between ji,, and p., came from the fact that
the multiplicities ) depend on all the weights but not all the weights (in this
example fBg) affect the VGIT on the face F. However, in this example, Theorem
10.4 still holds because there is no contribution from the origin in Figure 31 (R) -
that is, Z'7% 0 X, = @.

More generally, we therefore have two cases to consider:

(1) X, nZ'" = 3. In this case, iy, and g, may differ but we don’t care as
far as Theorem 10.4 is concerned and so there is nothing left to check.
(2) X,nZ'M x .

Remark 10.9. In case (1), the “wall” given by ¢ in any of the wall VGITs in F is
not part of the secondary fan of these VGITs. We refer to this by saying that o
is a “fake wall”. In Example 10.8, By was a fake wall. More generally, whenever
Rk(LY) =3 and so o is a ray 3 of the secondary fan, 8 defines a fake wall precisely

when S has no weights on it.
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Remark 10.10. For any 2-dimensional face F' of the secondary polytope such that
(1) holds, all the walls of the secondary fan for the VGIT on F must be lines. This
follows because if there was a wall W in this secondary fan which was a ray, then,
since X, n 2T = @, the phases of the VGIT on (W) are the same and one of
them is empty.

So we are left with case (2). The basic observation is:

Lemma 10.11. If o is not a fake wall — that is, X, N Z2'Me 2 g - q(5;) lies on
a wall of the secondary fan for the VGIT on F for all weights B; which are not in

(o) .

Proof. By naturality of the semistable locus, X,nZ’ Teo corresponds to the phase of
the linear toric VGIT on Z'"* whose chamber in (¢) is o. Using the description of
the support of the secondary fan of a linear toric VGIT (see [14], Theorem 14.4.7),
X, nZ"Me 2 implies that o is contained in the cone generated by the weights
which lie in (o). Let’s re-label these weights by f51,..., Ox.

Now take a weight ; not lying in (o) (so i > n) and consider ¢(3;). Let A€ L,
be one of the primitive normal vectors to the line generated by ¢(8;). If ¢(8;) does
not lie on a wall in the secondary fan for F', then it lies in a chamber of this fan. We
let C be the maximal cone in ¥ which corresponds to this chamber (so o c C') and
X denote the corresponding phase. Note that, by our choice of A, 7 n Xo=0a.

Now A defines a hyperplane in Ly, which we call (W), on which the weights of the
VGIT on Z'"* lie. Then Z'* n X¢ = @ implies that the open subset Int(C') n (W) c
(W) is disjoint from the support of the secondary fan. But this is impossible
because, if we let o; be the cone (of maximal dimension) generated by Si,..., 0,
and B; in (W), then o; must meet Int(C') n (W) since both are full-dimensional
subsets of (W) containing ¢ in their closure and lying on the same side of (o). As
such, we have a contradiction and so ¢(3;) lies on a wall of the secondary fan for
the VGIT on F. (|

We are now in a position to complete the proof of Theorem 10.4.

Proof of Theorem 10.4. The first claim was dealt with before the statement of the
theorem, so it only remains to show the second claim. Moreover, it suffices to prove
that the two SODs coming from the two paths around a chosen 2-dimensional face
F agree. We have also shown in Lemma 10.7 that the multiplicities of the minimal
factors of the form D’(X;) and coming from walls which are lines always agree.
Therefore we are left with the minimal factor X, n Z'"** which we may assume
is non-empty i.e. case (2). In this case, we need to show that pi,, = p,. For the
purposes of showing this, as we have remarked, whenever we have two walls W,
and W5 lying on a line with normal A, only one of ;L)‘,‘Vi will be non-zero and so we
can forget about the other side and assume that all walls lie on distinct lines. This

means that, for any wall W, M;‘VW = Yila(B:)ew l¢(B;)| and so, recalling that uy € LY



126

is the primitive generator on the ray W:
UWNW = Z uwlq(Bi)l = Z q(B:)
ilq(Bi)eW ilq(Bi)eW

Pick an orientation on LY such that v; is positive with respect to this orientation.
It follows that 7, is negative. We can find a unique primitive integral area form
w € A?L, such that, if (u1,us) are positively oriented (assume u; and uy are
linearly independent) then w(uy,us) > 0. This area form gives us an identification
LY - L,u v~ w(u,-) and, by definition of the Ay € L occurring at walls W along
Y1, Aw = w(uw,—). Similarly, for the Ay coming from a wall W along v2, Ay =

w(~uw, -).
Then:
Mgy = Moy = <q(_KX1)7 Z )\W,U'W - Z )‘W,LL[/>VW>
Walls W Walls W
along v along s
:w( Z UW/LI);VWaQ(_le))
All walls W
=w( Y > a(Bi)a(-Kx,))
All walls W i|q(B;)eW
= w(q(_KXI )a Q(_le )) =0
where the penultimate equality comes from Lemma 10.11. (]

Remark 10.12. Given Theorem 10.4, it is natural to ask if there is a more geometric

interpretation of which minimal factors show up and their multiplicities nr.

10.2. Intersection multiplicities: a conjecture. We return to the situation at
the start of this section of crossing a single wall W between two phases of a Calabi-
Yau VGIT. We want to apply the above technology to X7 = Z} because we would
like to define fractional windows and these come from SODs of D°(Z}).

Definition 10.13. nry is the number nr of pieces coming from Zr in the SOD

from Theorem 10.4 of the phase Xy = Z} corresponding to W.

Remark 10.14. In this setting, the only faces I' for which np y is non-zero are the
ones for which the linear subspace (L) spanned by the complementary weights
(see §3.5) is contained in (WW). This is because the Higgs VGITs occurring in the
SOD of D*(X) from the previous section are defined by a subset of the weights of
the VGIT on Z".

Unlike in the general case however, here we know how to define the discriminant
(see Definition 3.2) and understand that its components correspond to minimal
phases — that is, Higgs phases. Moreover, in light of the Conjecture of Aspinwall,
Plesser and Wang (see Conjecture B in §2) and the fact that our SOD of D’(Z})
gives rise to np  different spherical functors with source category D®(Zr) (whose

twists are fractional window shifts), it seems very natural to conjecture:
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Conjecture 10.15. The number nryw agrees with the intersection multiplicity
mp.w of Vr with the curve Z(W).

We don’t know how to prove this in general as we usually don’t have a method
to understand mr . However, as evidence for this conjecture, we can prove some

special cases.

Lemma 10.16. If T is such that (W) doesn’t contain (L1)Y, then mpw =0. By
Remark 10.14, for such ', npw = 0 also. As such, this agrees with Conjecture
10.15.

Proof. As in Remark 3.50, Vr is the pullback of V g4or under the map (of secondary
stacks) induced by p: LY — Ly where V 4qr is the principal component of the VGIT
on I' (whose weights lie in Ly, by definition). As such mp w = (Vanr,p(Z(W))).
Under p, the curve Z(W) gets sent to either a toric fixed point or a toric curve
and the latter happens precisely when p(W) is a codimension 1 cone in (L{)r —
that is, when (W) contains (L)Y =: kerp. As Vanr always avoids the torus fixed
points (see [20], Ch. 6, §1), for any wall such that (W) doesn’t contain (Lp)Y,
Z (W) is disjoint from Vr. O

If we push this a little further we get,

Proposition 10.17. IfT' is a circuit, then mrw = nrw. This number is 1 pre-
cisely when (Lp)g = (W) and 0 otherwise.

Proof. By Remark 10.14 and the fact that (Lf.)y is a hyperplane when I' is a circuit,
nr w # 0 precisely when (Lp)g = (W) — that is, when the VGIT on W is the Higgs
VGIT for I'. Moreover, if nr w # 0, then nr y =1 since Zr is a phase in this VGIT
and so this follows from Theorem 4.21.

On the other hand, from the proof of Lemma 10.16, we see that p maps Z(W) to
a toric curve precisely when (W) = (L1 )¢ (as I' is circuit, so (L1 )y is a hyperplane).
Moreover, because LY. is rank 1, such a toric curve must be the whole secondary
stack and hence must meet Vaor. Thus we see that mp w # 0 precisely when
(Lp)g = (W) and that, if mprw # 0, mpw =1 since Vanr is always reduced and p
maps Z (W) isomorphically onto its image. O

Proposition 10.18. IfT' is such that Rk(Lr) = 2, then mpw = nr.w

Proof. By Lemma 10.16, we need only consider I" such that (Lf)§ ¢ (W). Consider
as usual the map of secondary stacks induced by p: LY — LY. For such I, p sends
W to a codimension 1 cone o in the secondary fan for T, so Z(W) gets mapped
isomorphically to a boundary curve in the secondary stack for I'. By Lemma 6.3,

we have that:
mrw = (Vanr, p(Z(W))) =max( >, U(p(B:)),0)
ilp(Bi)e(o)
(where | € Lp obeys l(u,) = 1) and so mrw = max(¥;z,cmw) ! (8i),0), where
I"=p*(l) € L.
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F1GURE 32. The weights in the setup of Example 10.21

On the other hand, (L{)y is a hyperplane in (W) and so np w # 0 precisely when
Kz lies on the opposite side of (Lp)y to W — that is, when ¥;5,¢w)!'(8i) > 0.
When nrw # 0, we only cross this wall (L)} once and, by Theorem 10.4, we can
assume we pass through the Higgs chamber in (Lf)g. Then Theorem 4.21 tells
us that we get nrw = lA(—KZ&) copies of DY(Zr), where [ € (W) n LY)Y is the
primitive normal to (Lp)g in (W) pointing towards W. But [ = I'|;yy and so this

quantity equals ¥,y ' (5:)- O
Corollary 10.19. For a 2-dimensional FIPS, Conjecture 10.15 holds.

Proof. In a 2-dimensional FIPS (see Lemma 6.4) only V,, and Vy can possibly
meet Z(W) and Vy = Vr for a circuit I'. Using Propositions 10.17 and 10.18, we

have therefore covered all the possibilities. O

Remark 10.20. As these results show, it becomes harder to compute mpr w as I'
has more relations on it. In particular, of all the faces I', we should expect ma w
to be the hardest to understand.

In the above results, we have crucially used Lemma 6.3 which relies on the fact
that Horn uniformisation gives a morphism in dimension at most 2. In the case of a
3-dimensional FIPS, to which we now turn, only the multiplicities for I" = A remain
to be understood. However in this case, Horn uniformisation is generally only
a rational map and this causes birational complications when computing mp w .
Nonetheless in the simplest non-trivial 3-dimensional case, Horn uniformisation is
still a morphism on the region we care about and so we can still show Conjecture
10.15 holds.

Example 10.21. Suppose that L = 73 and that the weights are chosen such

Z1,%2,T3

that the representation is Calabi-Yau and the only weights that lie on (W)

{z3 = 0} = 7? lie on the 2 coordinate axes. Moreover we assume that B,

—_

Yil8: on ;-axis Ji has positive z; coordinate and that ged(|8;| | B; on z;-axis) =
(for j =1,2). Then ma,w =na,w and Conjecture 10.15 holds.

This situation is pictured in Figure 32. Note that there are at most 4 chambers
for the VGIT on (W) and that, since 3,; has positive 2 ;-coordinate for j = 1,2, only
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the chamber W in this VGIT given by the positive quadrant (which faces towards
us in Figure 32) has na w # 0. Moreover, in this case, na.w = |Bu, ||Bz.|-
We now compute the intersection multiplicity of V,, with Z(W). For this, we

use Horn uniformisation which is given by (see (4) in §3.6)

H:P(L¢) -» Tyv = (C)3 [, Ao, Ag] > (1A APl n, A)

x1,T2,T3’

where A; (A1, A2, A3) are the factors in Horn uniformisation corresponding to weights
not lying on (W) — that is, with non-zero As-coordinate.

As in §5.2, a wall W and a choice of By gives a projection 7’ : Uy — B’ such
that 7'~1(0) = Z(W) nUw. Then Uy =C2 . xC;, and, if we take Sy = (0,0,1),
7’ is just the projection to the first 2 coordinates. Then B’ = (C?UMK2 and 7' o H :
[, Ao, Ag] > (AP Ay APl

Consider those elements in P(L¢) mapping to Z(W) under H. As V,, =Im(H)
avoids the torus fixed points, they must have Az # 0. Since all factors in Az (of the
form (A1 3j1+X2Bj2+X38;3)%% for B; not lying in (W)) have non-zero exponent, the
only possibility is if (A1 5;1+ A2fj2+ A3f;3) # 0 for all such 8;. But since A; has the
same factors (with different exponents) for ¢ = 1,2 we conclude that A; # 0. As such
H actually defines a morphism on H ™' (Uy,) and ma w = Len(H*(Z(W)nUyw)) =
Len((r' o H)*(0)) = Len({\"1' =0, A1 2 0}) = |8,,, |82, as desired.

One can also check that ma w- = 0 for the other chambers W’. As an example,
take W' to be the wall shown in Figure 32. Then, if we compactify B’ to P! x
Pl o H : [Ar, Aoy As] > (NP Ay 2 1], 02 x Ay 2 1)) and Z(W') 0 Uy =
7*([0,1],[1,0]). As above, the fact that Az # 0 means A; # 0 for i =1,2 and so H
is still a morphism on H~'(Uy). Moreover, ma w = Len(H*(Z(W') nUw~)) =
Len((n" o H)*(0)) = Len(@) = 0 as claimed.

Remark 10.22. We can prove the same statement in a few more complicated cases
when Rk(L) = 3. In all these examples, it seems natural to try to compactify the
image of the projection using the secondary fan of the VGIT on Z’ * and then
resolve the indeterminacy in H using iterated blow-ups over the origin. Given the
iterative nature of na w it would seem natural to try to relate these blow-ups to
walls in (W) but we don’t know how to do this as, until H is resolved, we can’t use

it to compute intersection multiplicities.

Lastly, we observe that Conjecture 10.15 also holds for all wall-crossings in the
Triangle VGIT (see §9) which has a 3-dimensional FIPS and is not of the form in
Example 10.21.

Example 10.23. For every wall W in D, Z(W) meets a unique component of
the discriminant and does so with multiplicity 1. For any wall in Fg (W;g in the
notation from §9.2.2) , Z(W') meets V; for a unique ¢, so m; w =1 for this ¢ and 0
for all other faces. The corresponding window shifts (see Remark 9.10) are family

spherical twists over a base Z} = C. Moreover we check that the corresponding
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VGIT on Z'* is given by:

1 -1 -1

2P LV n(W)y27Z2 Q=
Q (W) Q 0 1 1

Hence this VGIT has 3 phases and Kz, = (1,0). As such, any phase corresponding
to one of the two chambers containing K 7 Is a Higgs phase and indeed Z} is one
of these, hence nr y =1 for the face I' such that (L)Y = LY n (W) and nrw =0
for all others.

For the walls Wy, Wiz and Wi (in the notation from §9.2.2) in the face Fy,
Z (W) meets Vpr s0 myw = 0 for all 4 and ma w = 1. The corresponding window
shifts (see Remark 9.10) are spherical twists about a compact curve - indeed one
sees that Z3 is a point — and hence Z} is the Higgs phase Za, as expected.

For the 3 walls Way,Wy5,Was not in D, Z(W') meets V,, transversely and one
of the components V;. Hence ma w =1 = m;w and m;w = 0 for the other two
j. These walls are chambers within LY n (W) = Z? as above and correspond to
the single non-minimal phase Z§ = [C/Zz]. The SOD coming from wall-crossing
is DY([C/Zz]) = (D*(C), D®(pt)) and so we get na w = 1 and one copy of another
Higgs phase. One can check that it is indeed the correct Higgs phase.
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